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Abstract 

Hadamard matrices are a special class of square matrices with entries 1 and -1 only. They have many 

applications in Coding theory, Physical Sciences, Neuron networks and Computer Science. Therefore, the 

construction of Hadamard matrices has its own significance. There are many methods to construct these 

matrices. But, it has been concentrated on Payley’s method which is one of the new methods.  

Introduction 

The name Hadamard matrices came after the name of Jacques Hadamard, a French mathematician. A 

square matrix of order n  with entries 1 and -1 such that ,T T

nH H HH nI  is called Hadamard matrix, 

where TH  is the transpose of H and nI  is the identity matrix of order .n  Therefore, the scalar product of 

any two rows or columns is zero. That is, any two rows or columns of a Hadamard matrix are orthogonal.  

For example the matrices 

1 1 1 1

1 1 1 1 1 1
,

1 1 1 1 1 1

1 1 1 1

 
 

    
      

 
  

  are Hadamard matrices of order 2 and 4 

respectively.  It is proved that the value of the determinant of a Hadamard matrix of order n  is 2nn . Since 

all the elements of a Hadamard matrix H are 1 and -1, the value of the determinants of H  and H  is 

same. Therefore, if all the elements of first and first column of a Hadamard matrix 1’s only, then it is 

called a normalized Hadamard matrix.  

Main Results 

Towards the existence of Hadamard matrix we have the following: 

Lemma 1: If 1

1 1

1 1
H

 
  

 
 is a Hadamard matrix of order 2, then the matrices 

1 1 2 2

2 3

1 1 2 2

, ,
H H H H

H H
H H H H

   
    

    
 are Hadamard matrices of order 2

2
, 2

3
, and so on. 

Proof: Obvious. 

For further construction, we need the definition of Legendre symbol.  

Definition 2: The Legendre symbol denoted by   is defined on a finite field qF containing q elements by

 

0 0,

1 ,

1

if a

a if a is a square

if a is not a square






 


.  For example,    3 1, 4 1    , in the field  5 0,1,2,3,4F   with 

respect to addition and multiplication modulo 5. 

Theorem 3: If   0 1 2 10, , , ,q qF a a a a    is a finite field, containing q elements, with respect to addition 

and multiplication modulo ,q  where q is some prime power which is in the form of 4 1k   for a positive 

integer ,k  then the matrix 
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     

     

     

1 2 1

1 3 2

1 2 1

1 1 1 1 1

1 1

1 1

1 1

q q

q q q

q

a a a

a a a

a a a

  

  

  

 

  



 
 

 
 

 
 
 
 
 

  of order    1 1q q    is a Hadamard matrix.  

Proof: Define a matrix M  of order q such that the  ,i j th  entry of M equals   ,i ja a   where  is the 

Legendre symbol defined on the field .qF  Now, construct the matrix ,qS M I      where qI  is the unit 

matrix of ,q and hence S  of order q q . Then, we see that the matrix 
1 1

1
H

S

 
  
 

 is the required 

Hadamard matrix. 

Example 4:  If 3,k  then 14 1 11 11.q k     Therefore, consider the finite field

 11 0,1,2,3,4,5,6,7,8,9,10F  with respect to addition and multiplication modulo 11. Then we get the 

Hadamard matrix of order 12. 

 

Therefore, the matrix  

0 1 1 1 1 1 1 1 1 1 1

1 0 1 1 1 1 1 1 1 1 1

1 1 0 1 1 1 1 1 1 1 1

1 1 1 0 1 1 1 1 1 1 1

1 1 1 1 0 1 1 1 1 1 1

1 1 1 1 1 0 1 1 1 1 1

1 1 1 1 1 1 0 1 1 1 1

1 1 1 1 1 1 1 0 1 1 1

1 1 1 1 1 1 1 1 0 1 1

1 1 1 1 1 1 1 1 1 0 1

1 1 1 1 1 1 1 1 1 1 0

M

     
 

    
 
     


    
     


     
    

    

    

     

     













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Therefore the matrix,   

1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1

S

     

     

      

     
     


      
      

     

     

     

     












 
 
 
 
 
 

  
 

Hence, the matrix 

1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1

H

     

     

     

     

     


     

     

     

     

     

 1 1 1 1 1 1 1

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
        

of order 12. 

 

Note: From the above example we see that all Hadamard matrices need not be symmetric. 

Definition 3: If ijA a     and B  be any two matrices, then the direct product of the matrices ,A B  is 

denoted by A B  and it is defined as 

11 12

21 22

a B a B

A B a B a B

 
 

 
 
  

. 

Method 2 

Theorem 4: If 
mp  is a prime power and 1mp   is divisible by 4, then there exists a Hadamard matrix of 

order  2 1 .mp   

Proof: Define a matrix M  of order 
mp  such that the  ,i j th  entry of M equals   ,i ja a   where  is 

the Legendre symbol defined on the field .mp
F  Now, construct the matrix 

0 1
,

1
S

M

 
  
 

 of order 1.mp   

 

 

International Journal of Management, Technology And Engineering

Volume 8, Issue XII, DECEMBER/2018

ISSN NO : 2249-7455

Page No:106



 

 

and hence S  of order .mp   Then, we see that the matrix 
1

1 1 1 1

1 1 1 1
mp

H S I


   
      

     
 is the 

required Hadamard matrix of order  2 1 .mp   
 

Example 5: If 5, 1p m  then 11 5 1 4mp      which is divisible by 4. Therefore, we get a Hadamard 

matrix of order  12 5 1 12  . Since 5,mp  we consider the finite field  5 0,1,2,3,4F  with respect to 

addition and multiplication modulo 5, containing 5 elements. Since        1 1 4 , 2 1 3 ,         

the matrix M is given by 

0 1 1 1 1

1 0 1 1 1

1 1 0 1 1

1 1 1 0 1

1 1 1 1 0

M

  
 

 
 
   
 
  
   

. Now  

0 1 1 1 1 1

1 0 1 1 1 1

0 1 1 1 0 1 1 1

1 1 1 1 0 1 1

1 1 1 1 0 1

1 1 1 1 1 0

S
M

 
 

 
 
   

   
    

  
 

   

. 

Therefore, by Theorem 4 

1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1

1 1 1

H



      

    

      

    

      


    

      

    

      

    

 1 1 1 1 1 1 1 1 1

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
      

 of order 12. 
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