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Abstract. The main purpose of this research article is to investigate the proper-
ties, existence and uniqueness of strong coupled fized point in multiplicative metric
space. This article is an analogue of Choudhury et al.[5] results in setting of mul-

tiplicative metric space. We have reported an example in support of our result.
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1. INTRODUCTION AND MATHEMATICAL PRELIMINARIES

The concept of metric space was first introduced by Maurice Frechet [10] in
1906 in his work Surquelques points du calcul fonctionnel. Later many researchers
generalize and extend the concept of metric space among which multiplicative
metric space was one of them. The concept of multiplicative metric space was
given by Bashirov et al. [4] in 2008. The aim of introducing multiplicative metric
space was to overcome the problem that the set of positive real numbers R is not
complete with usual metric. The fixed point theory in the setting of multiplicative
metric space has a vast literature such as [1, 2, 3, 7, 8, 11, 12]. On the other
hand the concept of fixed point was generalized and coupled fixed point was in-
troduced by T.G. Bhaskar and V. Lakshmikantham [6]. Later Choudhury et al.
[5] introduced the concept of strong coupled fixed point and coupling and proved
the existence and uniqueness of strong coupled fixed point for coupling in setting
of metric spaces. In this paper we have proved the uniqueness of strong cou-
pled fixed point in the setting of multiplicative metric space. We give an example

to illustrate our results. Before going to the main result we recall some definitions.

Definition 1.1 [4] Let X be a nonempty set. A multiplicative metric is a mapping
d: X x X — R satisfying the following axioms

(M1) d(z,y) > 1,Vz,y € X, d(z,y) =1 x=1y;

(M2) d(z,y) =d(y,z),Vz,y € X;

(M3) d(z,y) < d(z,z)+d(z,y),Vx,y,z € X.
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Example 1.2 [4] Let R7 be the collection of all n-tuples of positive real numbers.
Let d: R} x R} — R be defined by

T xT9 X
dlz,y) =) — [ [ = .. =],
Y1 Y2 Yn
where X = (21,22, ...,2,),Y = (y1,%2, .., ¥n), € R and | . | : R} — R is defined
as
a, a>1
lal=4"
w’ a < 1.

Then (X, d) is a multiplicative metric space.

Definition 1.3 [9] Let (X,d) be a multiplicative metric space, {z,} be a se-
quence in X and z € X. If for every multiplicative open ball B.(z) = {y :
d(xz,y) < €}, e > 1, there exists a natural number N € N such that n > N and
Zn € Be(x). Then the sequence {z,} is said to be multiplicative converging to z,
denoted by z,, — z(n — 00).

Definition 1.4 [9] Let (X, d) be a multiplicative metric space, {x,} be a sequence
in X and z € X. Then

Ty = x(n — 00) & d(xy, ) = 1(n — 00).

Definition 1.5 [9] Let (X,d) be a multiplicative metric space and {z,} be a se-
quence in X. Then {z,} is said to be multiplicative Cauchy sequence if, for € > 1,

there exists a positive integer N € N such that d(z,,z,) < € for all n,m > N.

Proportion 1.6 [9] Let (X,d) be a multiplicative metric space and {z,} be
a sequence in X. Then {z,} is said to be multiplicative Cauchy sequence iff
d(xp, Tm) = 1(n,m — 00).

Definition 1.7 [9] A multiplicative metric space (X,d) is said to be multiplica-
tive complete if every multiplicative Cauchy sequence in (X, d) is multiplicative

convergent in X.

Definition 1.8 (Coupled Fixed Point) [6]. An element (z,y) € X x X, where X is
any non-empty set, is called a coupled fixed point of the mapping F': X x X — X
if F(z,y) =2 and F(y,z) = y.

Definition 1.9 (Strong Coupled Fixed Point) [5]. An element (z,y) € X x X,

where X is any non-empty set, is called a strong coupled fixed point of the map-
ping F': X xX — X if (z,y) is coupled fixed point and x = y; that is if F\(z,z) = «.
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Definition 1.10 (Coupling) [5]. Let (X,d) be a metric space and A and B be
two non-empty subsets of X. Then a function F' : X x X — X is said to be a
coupling with respect to A and B if

F(z,y) € B and F(y,z) € A.

whenever z € A and y € B.

2. MAIN RESULT

Theorem 2.1 Let A and B be two non-empty closed subsets of a complete
multiplicative metric space (X,d). Let F : X x X — X be a coupling (with
respect to A and B), s.t.

d(F (z,y),d(u,v)) < [maz{d(z,u),d(y,v)}]*. (1)
for any x,v € A, y,u € B and A € (0, 3), Then
(i) AnB # 0,
(ii) F has a unique strong coupled fixed point in A N B.

Proof: Since A and B are non-empty subsets of X and F' is a coupling, then
for any zg € A and yo € B we define sequences {z,} and {y,} in A and B respec-
tively by

Tot1 = F(Yn, Tn)s Ynt1 = F(Tn,yn)- (2)

Suppose for some n, z,, = Yy +1 and y,, = T,41, Then by using 2, we get
Tn = Yn+1 = F(xn; yn)

and

Yn = Tn+1 = F(yruxn)

Which shows that (z,,y,) is a coupled coincidence point of F'.
We assume x,, # yp4+1 and y,, # Tpy1, V 1 € Np.
We define a sequence {5, } by

Sn = mﬂm{d(xmyn-s—l)»d(ymxn—&-l)}- (3)
We show 1i_>m S, = 1. Now from 1, 2 and fact that z,, € A and y,, € B, we get
n o0
d(r1,y2) = d(F(yo, o), F'(71,y1))
< [maz{d(yo, 1), d(wo,y1)}]" (4)
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and

d(y1,r2) = d(F(zo,90), F(y1,71))
< [maz{d(zo,y1),d(yo, z1)}]*.

From 4 and 5, we have

mazx{d(x1,y2),d(y1,2)} < [max{d(mmyl),d(yo,xl)}]’\.

Again from 1, 2 and fact that x,, € A and y,, € B, we get

d(Iz,yB) = d(F(yl,l”l):F(IQ,yz))
[ma:r{d(yl,xz),d(xl,yQ)}]’\.

IN

and

d(y2,v3) = d(F(z1,y1), F(y2,72))
< [maz{d(z1,y2),d(y1, x2)}]>

using 6, 7 and 8, we get

IA

[maz{d(x1,y2), d(y1,22)}]
[maz{d(zo, y1), d(yo, z1)}*

maz{d(z2,ys3), d(y2, x3)}

2

IN

We assume for some integer n,

(T, Yn+1) < [maz{d(zo,y1), d(yo,21)}" .
and

d(Yns Tnt1) < [maz{d(zo,y1),d(yo, $1)HV :

Therefore from 10 and 11, we have
mam{d(l‘n7 y’n+1>7 d(yna x'rH»l)}' < [maac{d(xo, yl)a d<y07 ml)}])\n .
Now we prove that 10 and 11 also holds for n+1, from 1, 2 and 10, we get

d(zn+1ayn+2) = d(F(yn,zn),F(xn+1,yn+1))
A

A

= [max{d(ymanrl)vd(znayn+1)}]
< [lmaz{d(xo, y1), d(yo, z1)}* A

)\n+1

= [maz{d(zo, y1), d(yo, z1)}]
Similarly by using 1, 2 and 11, we get

d(Ynt1,Tnso) < [maz{d(zo,y1), d(yo, 1)}
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Thus 13 and 14 shows that 10 and 11 also holds for n+1. Hence by the principle

of mathematical induction we say that 10 and 11 holds V n.
Letting n — oo in 12 and using the fact that A € (0, %), we have

lim S, = lim maz{d(n, Yn+1) d(Yn, Tnt1)}

n—oo n—oo

< lim [maz{d(xo,y1),d(Yo,x1)}]

n—o0

= 1.

Thus both

lim d(xnyyn-g-l) =1and lim d(ynaxn—i-l) = 1.

n—oo

n— oo

Again we define sequence {T,,} by T,, = d(zn, yn)-

By using 1 and 2, we get

d(xlayl) =
<

d(F(yo, o), F(z0,%0))

AT

[maz{d(yo, o), d(xo, yo)}]l\

[d(ffm yo)]/\

Again by using 1, 2 and 16, we get

d(zz, yz)

A

IN

We assume for some integer n,

d(xnv yn) < [d(wo, yO)V\

Now by using 1, 2 and 18, we get

A(Tni1,Yns1) =

IN

<

d(F(y1,z1), F(z1,91))

[maz{d(yy, 1), d(z1,y1)}]*

[d(l”h yl)]’\
[d(l“o, yo)]A2

d(F(Yn, vn), F(Tn,yn))
[maz{d(yn, zn), d(xn, yn)}])\

[d(zn, yn)]A

[d(xm yo)]A

n+1

(16)

(19)

This shows that 18 also holds for n+ 1. Thus by principle of mathematical induc-

tion we say that 18 holds V n.

As X € (0,1) and taking n — oo in 18, we get

lim d(z,,yn) = 1.

n—oo
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By triangular inequality, 11 and 18, we have

A xp, 1) < d(TnyYn)-dYn, Tni1)
< [d(wo,y0)1" - [maz{d(xo, y1). d(yo, 1)}
= [d(Imyo)-max{d(ﬂfo,yl)yd(ym1’1)}]An
= KV (21)
where K = d(zg, yo).max{d(zo, y1), d(yo,x1)}.
Similarly by triangular inequality, 10 and 18, we have
AW, Ynt1) < d(Yn, 2n)-d(Tn, Yni1)
[d(wo, yo)]N".[maz{d(wo, y1), d(yo, ©1)}]*
[d(wo0, yo)-maz{d(zo, y1), d(yo, z1)}]"
= KV (22)

n

IA

where K = d(zg, yo).max{d(zo, 1), d(yo,x1)}.
Now we show {z,} and {y,} are multiplicative Cauchy sequences in A and B
respectively.

For m,n € N with m > n and by using triangular inequality and 21, we have

d(xmaxn) S d(l‘maxm—l)-d(xm—lamm—Z)---d(xn—i-laxn)

K)\m,—l K)\7n—2 K}\n

AT

< Kt (23)

IN

As X € (0, 3), therefore d(zp,,z,) — 1 as (m,n — oo). This shows that {z,} is a
multiplicative Cauchy sequence in A.

Similarly for m,n € N with m > n and by using triangular inequality and 22, we

have
d(ymayn) < d(ymaym—l)'d(ym—laym—Q)"'d(yn-‘rhyn)
< KNTUERNTLRY
< K5, (24)

As X € (0, é), therefore d(ym,yrn) — 1 as (m,n — o0). This shows that {y,} is a
multiplicative Cauchy sequence in B.

Since A and B are closed in X which is complete multiplicative metric space, so A
and B are complete in X. Therefore sequences {z,} and {y,} are multiplicative

convergent in A and B respectively. Thus there exists z € A and y € B , such that

Tn = 2 and Y, — Y. (25)

From 20, we get
x=y. (26)
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Thus z =y € AN B, hence AN B # () which proves part (i).
Now we show that x € AN B is the strong coupled fixed point of F.
From triangular inequality, 1, 2, 25 and 26, we get
d(SL',F(.T,LL')) S d(x7$n+1)-d($n+l7F(xay))
= d(m,xn_H)d(F(yn,xn),F(x,y))
< d(x, xpy1)-[maz{d(yn, z), d(zn, y)}})\

1 asn— oo.

+

= F(z,z) = z, hence we are done.

Uniqueness : Suppose if possible F' has two strong coupled fixed points [, m €
AN B, then

F(l,1) =1 and F(m,m) =m. (27)
By using 1, 27 and fact that [,m € AN B, we have
d(l,m) = d(F(,1),F(m,m))
[maz{d(l,m), d(l,m)}}*
= [d{l,m)*.

IN

Which is a contradiction as A € (0,1) and is only possible if d(l,m) = 1 i.e. | = m,
which proves the uniqueness of strong coupled fixed point.

Example 2.2 Let X = R, the set of real numbers and we define d : X x X — X
by d(z,y) = el*~¥, then we know that (X,d) forms a complete multiplicative
metric space. Let A = [0,2] and B = [0,3] be the closed subsets of X. define
F:XxX—=XbyF(z,y)=A|z—y|,Va,y€ X and X € (0,3). Now we show
all the conditions of above theorem are satisfied.

We first show that F is a coupling ( with respect to A and B). For z € A and
y € B, we have

0< F(x,y) <3\ <

and
3
0< F(y,z) <3\ < 3

= F(z,y) € Band F(y,z) € AVa € Aand y € B. Thus F is a coupling (with
respect to A and B).

Now we show F' satisfy the inequality (1), before proving this it should be noted
that for any a,b € RT, we have

el < max{e?, e} (28)
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Also for any a,b € RT and XA > 0, we have
maz{a®, b’} = (maz{a,b})>. (29)
Also we know that for any a,b € R, we have
la=b[=|la|—]0b]| (30)

Now by using 28, 29, 30 and the fact that F(z,y) > 0, Va,y € X, we have for any
z,v€ A, yuc Band A€ (0,31)

d(F(z,y), F(u,v)) = dX|z—y|[Au-v])
eyl =Alu—]]

IN

AMla—yl=lu—vl|

< e>\|m—y—u+v\
_ AMa—w—(y—v)|
< maz{eNE=nl A=l

[max{el(x—u)l ,el=)l WA

[max{d(z,u),d(y, v)}]A.

Thus all the conditions of Theorem 2.1 are satisfied.
Therefore A N B is non-empty and F' has a unique strong coupled fixed point in
AN B which is 0.
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