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INTRODUCTION

The concept of order spaces was generalized by Nakano [13] to the modular spaces in 1950.
Then it was further generalized and redefined by Musielak and Orlicz [12]. As the modular
function spaces are the generalization of some class of Banach spaces, so many analysts
show their interest in working in this field in modular function spaces. Khamsi, Kozlowski
and Reich [7] were the first who initiated the study of fixed point theory in these spaces in
1990. On the basis of their results, many work has been done in these spaces.

In 2014, Khan and Abbas [8] were the first who gave the approximation theorem for fixed
points of a multivalued £ -nonexpansive mapping in these spaces by using Mann iteration

scheme. In this paper, we make an attempt to approximate the fixed points of 2 -quasi-
nonexpansive multivalued mappings in these spaces for Picard-Mann hybrid iteration
scheme.

BASIC DEFINITIONS

Let 2 be a nonempty set and 2 e a nontrivial O - algebra of subsets of Q. Let P be a
nontrivial 6-ring of subsets of Q which means that P is closed under countable intersection,
and finite union and differences. Suppose that ENA € P for any E € P and A € X. Let us
assume that there exists an increasing sequence of sets K;, € P such that Q = UK. By € we
denote the linear space all simple functions with support from P. Also ¢, denotes the space
of all extended measurable functions, i.e., all functions f: Q — [-o0, o] such that there exists
a sequence

(W) = f(W) forallw e Q.

{Y3ce (< frand O
We define

=1 Y eou; | f(W<on p-88

DEFINITION 2.1[9] Let X be a vector space (R or C). A functional 2:X —[0,%0] js
called a modular if for arbitrary f and g, elements of X, there hold the following:
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i) p(f)=0 & f=0
i) plaf)=p(f) whenever | @ =1
iii) plaf +B9)< p(f)+0(9) whenever @ £=0, a+p=1

If we replace (iii) by

v Plaf+pe)<ap(t)+8o(9) ynenever @ 20, a+p -1

Then modular 2 is called convex.

DEFINITION 2.2[9] If Z is convex modular in X, then the set defined by
L, ={feM: Iimﬂ_,op(/I f ) =0}

is called modular function space.

Generally, the modular P is not subadditive and therefore does not behave as a norm or a

distance. However, the modular space Lﬂ can be equipped with an F- norm defined by

= inf{a>0:p(ijs a}.
1f a

In the case # is convex modular,

:inf{a>0:p(ijsl}
1, a

: L -
defines a norm on modular space ~~and it is called Luxemburge norm.

DEFINITION 2.3[9] Let pM, _)[O’ OO] be a nontrivial, convex and even function.
Then A is a regular convex function pseudomodular if

w PO=O
(2) P is monotone, i.e., |f (W)|£|g(w)| for any W 0 €2 implies p(f)<p(9),
where f,g € Mw;

3 P is orthogonally subadditive, i.e., 'O(fZAUB) = p( fZA)_I_p( fZB) for any A,

B ey suchthat ANB#A T eM;

(4) P has Fatou property, i.e., |f“(W)| 1\|f (W)| for WO €2 implies p(f,) Tp(f),
feM_;

where

(5) P is order continuous in &, i.c., O €€, and |g“ (W)| Yo implies p(gn ) 0.

Aset A €Y is said to be 2 -null if p(gZA) =0 for every Jec A property p(W) is said

to hold # - almost everywhere (2 —@.€.) if the set {weQ:p(w)does not hold} is P

-null.
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DEFINITION 2.4[9] A regular function pseudomodular # is a regular convex function

modular if '0( f ) =0 implies f =0 ae. The class of all nonzero regular convex function
modular defined on Q will be denoted by R.

DEFINITION 25[9] Let # < R.
(1) A sequence {f.} is © ~convergent to T | that is, fof if p(f,-f)—>0
K — oo,

as

-f )0

(2 A sequence {fn} in is called 2 ~ Cauchy sequence if '0( fn asn, m —
0,
3 A set Bc LP is called 2 ~closed if for any sequence{fn}C B, the convergence

fi>fgn — Oimplies that f belongs to B.

(4) A set Bcl, is called Z ~bounded if its £ ~ diameter is finite; the £ ~ diameter
of B is defined as 0»(B) =SuM{p(f —g): f,g €B}.

(5) A set Bc Lﬂ is called # ~compact if for any sequence{fn}C B, there exists a

subsequence {f”k}of{ fn }and f € B sych that '0( fnk B f) —0 as kK > oo,

(6)  Aset Bcl, is called £~ &€ closed if for any sequence {f,}cB which £ —a&

converges fn - f as M= % impliesthat T belongs to B.

@) A set Bc LP is called £ —a&. compact if for any sequence {fn} cB , there exists

—f)—>0ae.

a subsequence {f,} and f € B such that p(f, as K>,

(8) Let f€Llp and Bc Lp' The distance between f and B is defined as

d (f,B)=inf{p(f-g):geB}
PROPOSITION 2.6[9] Let # € R.
(i) Ly is P~ complete.
iy P—vans Bo(Fir)={ael,ip(f=9)<1} 0 p—(ioceq
(i) If plat,) >0

gn _>Op_ae as N— @.

(iv) '0( f ) <liminf,__p(f,) whenever fn — f p-ae. as N—>®. (Note: this
property is equivalent to the Fatou property.)

0 _ . . -
() Consider the set L ={f eL,:p(f,.) is order continuous} and,

for & >0 then there exists a subsequence {gn} of {fn} such that

— . 0 0
E,={felL :Af el for anyﬁ’>0}'Thenwehave E,.cL,cL,
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DEFINITION 2.7[9] Let # €. Then P satisfies A, - property if 'O(an>_)0

whenever '0( fn)_)o as N1— 0.

PROPOSITION 2.8[9] The following statements are equivalent:
(i) P satisfies A,— condition.

(i) p(f,—f)—>0

” fn_f "p—)Oas n—0.

(A(f,—f))>0

if and only if © ' for every A > 0 if and only if

DEFINITION 2.9[8] A set Cc LP is called £ ~proximinal if for each e LP’ there
exists an element g € C such that

p(f-g)=d (f,C)=inf(p(f—h):heC).
P,(C) denotes the family of nonempty p-bounded p-proximininal subset of C and C,(C)

denotes the family of # ~bounded # ~closed subsets of C. Let H,(., .) be £ ~Hausdorff
distance on C,(L,), that is,

H, (A B)=max{sup,_, distp( f,B), sup,dist,(g,A)}, A BeC,(L,).

T:C—>Cp(Lp)

DEFINITION 2.10[8] A multivalued mapping is said to be £ ~ quasi-

nonexpansive

H,(T(),p)<p(f=P) tyran fLoeC

LEMMA 2.11[2] Let # © R and satisfy (UUC1). Let {t}=(03) be bounded away from
both 0 and 1. If there exists R > 0 such that

lim, ,_ supp(f,)<R,lim _ _supp(g,)<R and
lim . (t,f,+(1-t,) g,)=R, then
Iimn—>oo10( fn - gn) =0

The sequence {tn} - (0’1) is said to be bounded away from O if there exists a > 0 such that

tn 2a for all n € N. Similarly the sequence {tn} < (0’1) is said to be bounded away from

1 if there exists b < 1 such that tn <b

LEMMA 2.12[8] Let T: C— P,(C) be a multivalued mapping and
P" (f)={geT:p(f-g)=d (f, T)}

Then the following are equivalent:

fer(T) feT(f);

forall n € N.

i) ' that is

i) PI(f)={f}ie, f=0¢, acpn 9P, (F);
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T T _ T T
iii) fe Fp(Pﬂ () that is, fe PP (f) Further Fﬂ (T)_ F(PP ) where F(PP )
T
denotes the set of fixed points of Pﬂ '

LEMMA 2.13: Let 2 O R and satisfy A, —condition {fn} and {gn} be two sequences in

LP "Then

lim_,.0(9,) =0 implies lim__supp(f,+g,)=lim__supp(f,)

and
lim_,,p(9,)=0implies lim_,_inf p(f +g,)=lim__inf p(f).
LEMMA 2.14: Let # © 9 and A, B € P,(L,). For every f € A, there exists g € B such that

p(f-g)<H, (AB)
MAIN RESULTS

We prove some approximation theorems for Picard-Mann hybrid iterative scheme which is
more general than that of the Mann iterative scheme used by Safeer Husain Khan and
Mujahid Abbas [6]. This iterative scheme is as follows:

T:C—>P(C)

LetC< LP be a non empty £ ~bounded, closed and convex set and be a

f,eC f

multivalued mappings. Let and { 'n}c C be defined by

fn+l € PpT (gn)
g,=au,+ (1-a,)f, n=L2,... (3.1

T
where Uy € PP (fn) and {an} is sequence in (0,1) which are bounded away from both 0 and
1.

Before proving our main results, we firstly prove the following Lemma:

Lemma 3.1: Let 2O and C c L, be nonempty p-bounded and convex set. Suppose
T

T:C— PP (C) be a multivalued mappings such that PP is 2 -quasi-nonexpansive mapping

with F (T) # ¢. Then the “mﬂ—>°°p( f“_p) exists for all p € F and
lim,__po(f,-u,)=0.
Proof Let p € F(T) be arbitrary. Then by Lemma 2.12, we have

P, (p)={p}

Now from eq. (3.1), we have
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p(fua—P)<H,(P(g,).p)< (g, ~ P) (32)
p(9,—p) = plau, +(1-a,)f, - p)
<a,p(U,—p)+1-a,) p(f,—p)
Saan(PpT (f.).p)+U-«a,) p(f,—P)
<a,p(f,—p)+0-a,) p(f,—p)
= p(f,-p) (3.3)
Then from eq, (3.2) and (3.3), we obtained that
p(fra=p)<p(f,-p)

Therefore, the sequence {,0 ( fn B p) } is decreasing. Hence
“mn—>°°p( fo = p) exists for all p € F, (T)

Let

lim . p(f —p)=R
(3.4)

From eq. (3.3) and eq. (3.4), we get

lim,_,, supp(g, - p)<R
(3.5)

This implies
p(un_ p)gp(PpT(fn)_ p)
Sp(fn - p)

which implies that
lim,_,, sup p(u,—p)<lim__ supp(f,—p)
or lim,_,.supp(u,—p)<R (3.6)

Since the sequence {a,} < (0, 1) is bounded away from 0 and 1, there exists o € (0, 1) such
that

lim .o =«
Now,
p( fn+1_ p) :p(anun +(l_an) fn - p)

= pla, (U, - p)+(-a,)( f,~ p))
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<a,p(U,~p)+(-a,) p(f,~p)

Iimn_minf 10( fn+1 - p) < Iimn—»ooinf (anp(un - p)+(l_an) ,D( fn - p))

< lim__inf (e, p(u, - p))+lim_ inf (1-a,) p( f,-p)

or R<alim,_ inf p(u,—p)+(1-a)R

which implies that

R<lim . inf p(u, - p)
(3.7)
From eq. (3.6) and eq. (3.7), we get

Iimn—mp(un - p) =R

(38)

Since Iimnam ,0( fn+l - p) = R
This implies

Iimn—mp(anun +(1_an) fn B p) =R

or Iimn—mp(ﬂn (un B p)+(1_ﬂn)( fn o p)) =R (3_9)
Then from eq. (3.4), eq. (3.7), eg. (3.9) and Lemma (2.12), we obtain that

“mn%wp( f,—u, ) =0 (3.10)
or lim,_dis o( f,, P, (f,))=0

Theorem 3.2: Let 2 €M satisfy (UUC1) and C c L, be nonempty P ~bounded and
T
convex set. Let T: C — PP (C) be a multivalued mapping such that Pﬂ is P -quasi-

nonexpansive mapping with FP (T) # ¢. Let fl e Cand { fn} be given by (3.1). Then

f

the sequence { 'n } converges to a fixed point of T.

f

Proof: Using the compactness of C, there must be a subsequence { f”k Yof { n}and f e

(f”k B f)_) 0 as kK —o0. We will show that f is a fixed point of T i.e,

P (f,)

C such that r

T
fe FP () Let 9€ PP () be arbitrary. Then by Lemma 2.16, 9
p(9.—9)<H, (P (f,).P, ()

such that

We have
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Hence T =0 ae. Since 9 ¢

f_g _ f_f”k fnk_gk 0,—9
p(sj_p( 3 3 3

1 1 1
<Zp(f-f )+=p(f. —g,)+=p(g, —
3p( » 3p( — 3/o(gk 9)

<p(f -1, )+dis,(f, —P;(f,)+p(9,-9)
<p(f = f,)+dis, (f, =P (f,)+H, (P, (f,).P, (1))
<p(f =1 )+d,(f, =P (f, )+ p(f-1,)—>0

as k—oo,

T T
Pp (f) was arbitrary, we have Pp (f) ={ f }. Thus by

using Lemma 2.12, f €T(f))andthus T € F,(T). This completes the proof.
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