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INTRODUCTION

In 1950, Nakano [13] generalized the order spaces in terms of the modular spaces.
After that Musielak and Orlicz [12] redefined these spaces. Actually modular function
spaces are the generalization of some class of Banach spaces, so many analysts show their
interest in working in this field. Khamsi, Kozlowski and Reich [7] were the first who
initiated the study of fixed point theory in these spaces in 1990. By using their results, many
researchers worked in these spaces.

In 2014, Khan and Abbas [8] were the first who gave the approximation theorem for
fixed points of a multivalued , -nonexpansive mapping in these spaces by using Mann

iteration scheme.Recently, Okeke G.A. et al. [14] gave some convergence results to
approximate the fixed point of multivalued o -quasi-nonexpansive mappings using Picard
Krasnoselski hybrid iterative scheme in modular function spaces. Motivated by this, we will
prove some convergence results for o -nonexpansive mappings using Picard-Ishikwa

hybrid iterative scheme in these spaces. Our results will extend, generalize and improve
many results, including the recent results of Khan et al. [11] and Okeke G.A. [14].

BASIC DEFINITIONS

Let €2 be a nonempty set and 2 be a nontrivial O - algebra of subsets of Q. Let P be a
nontrivial 6-ring of subsets of Q which means that P is closed under countable intersection,
and finite union and differences. Suppose that ENA€P forany E € P and A€ X. Let us
assume that there exists an increasing sequence of sets K,€ P such that Q = UK,. By ¢ we
denote the linear space all simple functions with support from P. Also M, denotes the space
of all extended measurable functions, i.e., all functions f: Q — [-00,00] such that there exists
a sequence
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{9.}<¢, |9,/<|f| and 9,(W) = (W) for all we .
We define
M ={f eM_:|f(w)|<xp-ae}

DEFINITION 2.1[9]: Let X be a vector space (R or C). A functional p: X —[0,00]is
called a modular if for arbitrary f and g, elements of X, there hold the following:

i) p(f)=0c f=0

ii) plaft)=p(f) whenever |a| =1

iii) plaf +B9)< p(f)+ p(g) whenever o, >0, a+ =1

If we replace (iii) by

iv) p(af+pa)<a p(f)+pp(9) whenever o, >0, a+p=1
Then modular o is called convex.

DEFINITION 2.2[9]: If o is convex modular in X, then the set defined by
L ={feM:lim_,p(11)=0}

is called modular function space. Generally, the modular o is not subadditive and therefore

does not behave as a horm or a distance. However, the modular space Lp can be equipped

with an F-norm defined by
| t], =inf {a>0, p@ga}

In the case o is convex modular,

|| f||p=inf{a>0,p(£)sl}

defines a norm on modular space Lp and it is called Luxemburge norm.

DEFINITION 2.3: Let © be a nonzero regular convex function modular defined on Q.

D,(r, )={(f. 9): f.geL,, p(t)<r, p(g)<r.p(f-g)er|

5,(r,2) = inf {1_%,{“;9):“, g)eD,(r, g)}

if D,(r, €) # ¢,ands,(r,¢)=1.

Let

DEFINITION 2.4: A non-zero regular convex function modular 0 is said to satisfy (UC1)

if every >0, £>0, 6,(r, £€)>0. Note that for every >0, D,(r,&)#¢ for £>0
small enough.
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DEFINITION 2.5: A non-zero regular convex function modular © is said to satisfy

(UUC1) if for every s >0, ¢ >0, there exists 771(5,8) >0 depending only upon s and &
such that &, (r,&) >, (s,&)>0forany r~s.

DEFINITION 2.6[9]: Let p e R.

(1) A sequence {fn} is o -convergentto f that is, fn —> f i ,0( fn - f) -0 as

K — oo,
(2) A sequence {fn} inis called o - Cauchy sequence if ,0( fn - fm) —0 as n, m — oo,

(3) A set Bc Lp is called o -closed if for any sequence {fn}C B, the convergence
f = f asN—>o impliesthat £ belongs to B.

(4) A set Bc Lp is called o -bounded if its o — diameter is finite; the © -diameter of
B is defined as 0, (B) =sup{o(f —g): f,g €B}.

(5) A set Bc Lp is called p— compact if for any sequence {fn}C B, there exists a
subsequence {fnk} of { fn} and f e B such that ,0( fnk - f) —0as k >

(6) A set BC L is called p—ae.closed if for any sequence {f,}CB which p-ae.
converges fn —>f asnow implies that f belongs to B.

(7) Aset BC Lp is called p—a.. compact if for any sequence {fn}C B, there exists a
subsequence {f, } and f e B such that p( fnk —f)—>0ae as k > .

@) Let f € Lp and B Lp. The distance between f and B is defined as

d,(f,B)=inf{p(f-g):geB}.
PROPOSITION 2.7[9]: Let p e R.
(i) L, is p— complete.

(i) £ — ball Bp(f,r):{g el, :p(f —g)SI‘} are p — closed.

@iy If pla fn) —0 for a>0 then there exists a subsequence {gn} of {fn} such
that
g, >0p-ae as N> w.

vy p(f)<liminf__ p(f,) whenever f,—f p—ae as N0 (Note: this

property is equivalent to the Fatou property.)
(V) Consider the set

L ={f eL,:p(f,.) is order continuous}andE , ={f €L :Af L for any 1> C}.

0
Then we have, Ep c Lp c Lp.
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DEFINITION 2.8[9]: Letp e k. Then p satisfies A,— property if p(2f,)—0
whenever p( f,) — 0 as N— .
PROPOSITION 2.9[9]: The following statements are equivalent:
Q) P satisfies A,— condition.
(ii) p( f —f ) —0 ifand only if ,0(/1( f—f )) —0, forevery A >0 if and only if
Dfn—po—>O as n—0.
DEFINITION 2.10[8]: A set C c L is called p— proximinal if for each f €L, there
exists an element g € C such that

p(f —g)=dp(f,C)=inf (p(f —h):heC).

P,(C) denotes the family of nonempty p-bounded p-proximininal subset of Cand
C,(C)denotes the family of o —bounded o —closed subsets of C. Let H,(., .) be p—

Hausdorff distance on C,(L,), that is,
H,(AB)=max{sup,,disto(f,B), sup,dist,(g,A)}, A BeC,(L,).

DEFINITION 2.11[8]: A multivalued mapping T :C —>Cp(Lp) is said to be p—

Lipschitizian if there exists a number k > 0 such that

Hp(T(f),T(g))Skp(f—g) forall f,geC

0) Ifk <1, then T is called ©— nonexpansive
(i) If k<1, then Tis called o — contractive

LEMMA 2.12[2]: Let p & %and satisfy (UUCL). Let {t,} <(0,1) be bounded away
from both 0 and 1. If there exists R > 0 such that

lim,__supp(f,)<R,1lim__ supp(g,)<R and
lim,_,, (t,f, +(1-t,) g,) =R, then
0

lim,_.o(f,—9, )
The sequence { } (0 1) is said to be bounded away from O if there exists a > 0 such that
t.2a forall n € N. Similarly the sequence { } (O 1) is said to be bounded away from
1 if there exists b < 1 such that tn <b forallneN.
LEMMA 2.13[8]: Let T: C— P,(C) be a multivalued mapping and
P (f)={geT:p(f-g)=d,(f, Tf)}
Then the following are equivalent:

i) feF (T), thatis feT(f),

i) P (f)={f}.ie,f=q foreach geP (f);
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i) feF,(P () thatis, feP (f). Further F (T)=F(P]) where F(P])

denotes the set of fixed points of F’pT .

LEMMA 2.14: Let p o R and satisfy A, —condition {fn} and {gn} be two sequences in
Lp. Then

lim,_,.o(g,)=0implies
lim,_,supp(f,+g,)=lim__supp(f,)
and
lim,_.p(g,)=0 implies
lim,__inf p(f,+g,)=lim__inf o(f,).
LEMMA 2.15: Let p o R and A, B € P,(L,). For every f € A, there exists g € B such that

p(1-g)<H, (AB)

MAIN RESULTS
Here, Picard-Ishikawa hybrid iterative scheme is as follows:

Let C< L, be a non empty o —bounded, closed and convex set and T:C —P (C)be a
multivalued mappings. Let fl €C and { fn }< C be defined by
fn+1 € P; (hn)

gn Zﬂnun + (1_ﬁn) fn
h,=aVv,+ (1-2,)f,, n=12,... @1

where U, € PpT(fn),vn € PpT (9,) and {&,} and {f,} are sequences in (0,1) which are
bounded away from both 0 and 1.

Before proving our main results, we firstly prove the following Lemma:
LEMMA 3.1: Let p 0 R and C c L, be nonempty p-bounded and convex set. Suppose

T:C — Pp (C) be a multivalued mappings such that PpT IS p-nonexpansive mapping with

F,(T)# ¢. Then the Iimn_,w,o( f — PpT(p)) exists for all peF (T).
PROOF. Let P€ Fp (T) be arbitrary. Then by Lemma 2.15, we have

P’ (p)={p}
Now from eq. (3.1), we have

p( 1:n+l_ p) < Hp(PpT (hn)’ PpT (p)) < p(hn B p) (3:2)
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Again from eq. (3.1), we get that
p(hn - p) :p((l_an) fn oV, — p)
< (1_an)p( fn - p)+anp(vn - p)
<@-a,)p(f,—p)+e,H, (P (9,),P, (p)) (3.3)
< (l_an)p( fn - p)+anp(gn - p)
p(9,—p)=p(Bu, +(1-5,)f,—p)
< ﬂn p(un - p)+(1_ﬂn) p(fn - p)
< H, (P (f,).P (p)) + (1-5,) p(f,~P)
SIBnIO( fn - p)+(1_ﬂn) 10( fn_ p)
= ,0( fn - p)
Then from eq, (3.3) and eq. (3.4) in (3.2), we obtained that
p(fn+l_ p)sp(fn_ p)

(3.4)

Therefore, the sequence { 2, —P) } is decreasing. Hence |imn%p( f - p) exists for
all peF (T).
THEOREM 3.2: Let p o R satisfy (UUCL) and C < L, be nonempty 0 —bounded,

closed and convex set. Suppose T: C — Pp (C) be a multivalued mapping such that PpT is p-
nonexpansive mapping with F,(T)# ¢. Let f €c and { f,} be given by (3.1). Then
lim,_.o(f,—u,)=0

PROOF. By Lemma 3.1, |imn_mp( f - p) exists forall P€ F (T). Let

lim,_,, p(f,—p)=R (35)
From eq. (3.3) and eq. (3.4), we get

lim, ., sup p(g, - p) <R (3.6)
This  implies, p(v,— p)<H, (P (9,).P, (p))<p(9,- P)<p(f, - p)

[using eq. (3.4)]
which implies that

lim,_,.sup p(v,—p)<lim__supp(f,-p)
or lim,_,.supp(v,— p)<R 3.7)
Similarly

p(u, = p)<H, (P ()P, (P)<p(f,—p)

lim, .. supp(u,—p)<lim__supp(f,—p)
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or lim,,,supp(u,—p)<R (3.8)

Since the sequence &, C (0,1) is bounded away from 0 and 1, there exists « < (0,1) such
that

im o =«a

N—o0 "N

Now,
p(f.—p)=pay, +(1-a,)f,—p)
= p(a, (v~ p)+(1-a,)( f,~p))
<a,p(v,-p)+(1-a,) p(f,—p)

lim,_inf p(f,.,—p)<lim,_ inf (2,0(v,— p)+(1-a,) p( T, - p))

< lim_,inf (a,p(v, - p))+lim_ inf (1-,) p( f,-p)

or R<alim_ inf p(v,-p)+(1-a)R

R<Ilim__inf p(v. - p) 3.9)

From eq. (3.7) and eq. (3.9), we get
lim,_,.o(v,—p)=R
Since V, € PpT(gn), then

p(v.—p)<p(9,-P)

lim,,.inf p(g,- p)=R (3.10)
Then from eq. (3.6) and (3.10)
lim,,.p(9,-p)=R (3.11)
Since the sequence{/,} (0, 1) is bounded away from 0 and 1, there exists /3 e(O, l)
such that
limn—mﬂn = ﬂ
Now,

p(9,—p)=p(BU, +(1-5,) T, p)
Sﬂnp(un_p)-l_ (l_ﬁn) p(fn_p)

which implies that
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lim,_,.inf p(g,—p)<lim_inf 8 p(u,—p)+lim__inf (1-4) p(f,-p)
R<plim . inf p(u,—p)+(1-4)R
or lim,__inf p(u,—p)>R (3.12)
Then from eg. (3.8) and eq. (3.12), we have
lim_,.o(u,— p)=R

since, im___ p(g, — P) =R . This implies

Iimn—mp(ﬂnun + (l_ﬂn) fn - p) =R
or lim_p(B,(u, - p)+(1-A)(f,- p))=R (3.13)
Then from eq. (3.5), eg. (3.8), eg. (3.13) and Lemma (2.12), we obtain that
lim,,.o(f,-u,)=0 (3.14)
or lim,_,..dis, p( f,,P, (f,))=0

THEOREM 3.3: Let pe®R satisfy (UUCL) and C < L, be nonempty 0 —bounded and

convex set. Let T: C — Pp (C) be a multivalued mapping such that PpT IS 0 —nonexpansive
mapping with F (T) #¢. Let f e cand{f,3}be given by (3.1). Then the sequence {

fn } converges to a fixed point of T.

PROOF: Using the compactness of C, there must be a subsequence { fnk }of { fn }and f €
Csuchthatp( f, — f)— 0 as k —oo. We will show that f isafixed pointof T ie., f

e F.(7).
Letd € F’pT (f) be arbitrary. Then by Lemma 2.16, 0, € PpT (f,, )such that

p(9.—-9)<H, (P (f,).P ()
f-g)_ (f-f f-9 g.-9
p( 3 )_p[ 3 3 | 3

1 1 1
<=p(f-f )+=p(f. —0,)+= -
3/7( nk) 3/7( N 9) 3p(gk 9)

<p(f -1, )+dis, (f, =P (f, ) +p(9,-0)
Slo(f _fnk)+disp(fnk _P;(fnk))-l_Hp(P,;r(fnk)!P;(f))
<p(f—f,)+d,(f, =P} (f,))+p(f-f,) >0

as k—o0.
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Hence, f =g ae. Since g € PpT(f)was arbitrary, we have PpT(f) ={ f }. Thus by

using Lemma 2.13, f e T(f) and thus fe Fp(T). This completes the proof.
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