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1. Introduction

In 1965 Zadeh [13] introduced the concept of fuzzy subsets and studied their properties on
the lines parallel to set theory. In 1971, Rosenfeld [10] defined a fuzzy subgroup and gave
some of its properties. The notions of fuzzy subnear-ring and ideal were first introduced by
Abou-Zaid [1]in 1991. The concept of quasi-coincidence of a fuzzy point with a fuzzy subset
was introduced by Pu Pao-Ming and Liu-Ying-Ming [7] in 1980. The idea of quasi-
coincidence of a fuzzy point with a fuzzy set was introduced by Bhakat and Das [2] in 1992.
Pu and Lia [7] introduced the notion of "belongs to" relation (€). In [8], Murali initiated the
notion of belongingness (q) of a fuzzy point to a fuzzy subset under an expected equality on
a fuzzy subset. These two notions played a vital role in generating some different types of
fuzzy subgroups.

The concept of (€, €V q)-fuzzy subgroups is a possible generalization of Rosenfeld’s fuzzy
subgroups. The idea of (€, €V q)-fuzzy ideals are introduced in [3]. In [5], Davvaz
introduced the concept of (€, ev q)-fuzzy ideals in a near-ring. The concept of (€, €V qi)-
fuzzy subsemigroup was initiated by Kang in [6]. In [11], Shabir et al, generalized the
concept of (g, ev q)-fuzzy bi(interior, quasi)-ideal of semigroup and introduced the notion of
an (€, eV qy)-fuzzy bi-(interior, quasi)-ideal in a semigroup. Narayanan and Manikantan [9]
have extended these results to near-rings. The notion of an (€, eV q;)- fuzzy subnear-ring
which is a generalization of an (€, €v q)-fuzzy subnear-ring.

As a generalization of fuzzy set Zadeh [13] in 1975 introduced a new notion of fuzzy subsets
viz., interval valued (i-v) fuzzy subset, where the values of the membership function are
closed intervals of numbers instead of a number. Thillaigovindan et.al.,[??0] introduced the
notion of i-v fuzzy subnear-ring and i-v fuzzy left (right) ideal of near-ring and investigated
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some of their properties. In this paper, we introduce the concept of (€, ev qg) i-v fuzzy

(generalized) bi-ideal, (€, ev qg)-i-v fuzzy quasi-ideal in near-rings. We show that each (€

,EV qgm)-i-v fuzzy bi-ideal and each (€, ev qg)-i-v fuzzy left (right) ideal is an (€, €v

q,‘c—s)-i-v fuzzy quasi-ideal but the converses are not true in general.

2. Preliminaries

We first recall some basic concepts for the sake of completeness. By a near-ring [10] we
mean a non-empty set N with two binary operations "+’ and *." satisfying the following
axioms:

(i) (N, +) is agroup,
(i) (N, .) is a semigroup,
(ii)(x+y).z=x.z4+y.zVx,y,Z € N.

Precisely speaking, it is a right near-ring because it satisfies the right distributive law. We
will use the word ™ near-ring™ to mean ™ right near-ring". We denote xy instead of x.y. Note
that Ox = 0 but in general x0 # 0 for some x € N.

If P and Q are two non-empty subsets of N we define

PQ ={ab/a € P, b € Q}

and

P+xQ ={a(b+i)—ab/a,b€P,iecQ}

A subgroup M of a near-ring N is called a subnear-ring of N if MM < M.

A near-ring N is called zero-symmetric if x0 = 0 Vx € N. A subset I of a near-ring N is
called an ideal of N if

(i) (1, +) is a normal subgroup of (N, +),
(i) IN < I,
(ilya(b+i)—ab€elVabeNandie€l,thatis, NI cI.

A normal subgroup I of (N, +) with (ii) is called a right ideal of N while a normal subgroup
I of (N, +) with (iii) is called a left ideal of N. A subgroup Q of (N, +) is called a quasi-ideal
of near-ring N if

QNNNQNN=*Q < Q.
We now review some fuzzy logic concepts.

Definition 2.1. A fuzzy point x; is said to belong to (resp. be quasi-coincident with) a fuzzy
subset A, written as x; € A (resp. xgqA) if A(x) >t (resp. A(x) +t > 1). If x, € A or x.qA,
then we write x, €V gA.

Definition 2.2. An interval-valued fuzzy subset A of a set S of the form

teD(0,1] ify=x,

A(y)={ if y #x.

is called interval-valued fuzzy point with support x at value ¢ and is denoted by x;

For an interval-valued fuzzy subset 4 of a set S, we say that an interval-valued fuzzy point Xz
is contained in 4, denoted by x; € 4, if A(x) > t.
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quasi-coincident with A, denoted by x;qA4, if A(x) +t > 1 = [1,1].

For an interval-valued fuzzy point x; and an interval-valued fuzzy subset A of set S, we say
that

X; EV qA if xX; € Aor xEqZ.
x;&Z if anZ does not hold for @ € {¢,q,€ V q}.

Definition 2.3. Let A be nonempty subset of S. We denote by y,, the interval valued
characteristic function of 4, that is the mapping of S into D[0,1] defined by

{[1,1] if x € 4,

e = if x & A.
Clearly iz, is a fuzzy subset of S.

Definition 2.4. An interval number @ on [0,1] is a closed subinterval of [0,1], that is, @ =
[a=,a™] suchthat 0 < a~ < a* < 1 where a™ and a* are the lower and upper end limits of
a respectively. The set of all closed subintervals of [0,1] is denoted by D[0,1]. We also
identify the interval [a, a] by the number a € [0,1]. For any interval numbers

a; = [a7,af1,b; = [b7,bf] € D[0,1],i €1, we define maxi{a; b;} =
[max'{a;, b; }, max‘{a;, b} }],

min'{a;, b;} = [min'{a;,b; }, min‘{a;, b}}],
infiai = [Nierai , Nier a?'],supiai = [Uiera; , Uies a;-]

In this notation 0 = [0,0] and 1 = [1,1]. For any interval numbers @ = [a~,a*] and b =
[b~,b*] on [0,1], define

(Da<bifandonlyifa™ < b~ anda* < b*.
(2)a=bifandonlyifa~ = b~ anda* = b*.
(3)a<bifandonlyifa<banda # b

(4) ka = [ka~,ka™], whenever 0 < k < 1.

Definition 2.5. Let X be any set. A mapping A: X — D[0,1] is called an interval-valued fuzzy
subset (briefly, i-v fuzzy subset) of X where D[0,1] denotes the family of all closed

subintervals of [0,1] and A(x) = [A~(x), A*(x)] for all x € X, where A~ and A* are fuzzy
subsets of X such that A~ (x) < A™(x) for all x € X.

Note that A(x) is an interval (a closed subset of [0,1]) and not a number from the interval
[0,1] as in the case of fuzzy subset.

Let min' and max® be the interval min-norm and max-norm on D[0,1] respectively. Then
the following are true.

1. min'{a,a} = @ and max'{a,a} = a forall @ € D[0,1].
2. min'{@, b} = min‘{b,a} and max‘{a, b} = max'{b,a} forall @, b € D[0,1].

3.1f@ = b € D[0,1], then mini{a, ¢} = mini{b,c} and max‘{a,c} = maxi{h,c} forall ¢ €
D[0,1]. Let A and B be two i-v fuzzy subsets of semigroup X. We define the relation
between A and B, the intersection and product of A and B, respectively as follows:

()ACBifA(x) <B(x) Vx € X,
(i) (AN B)(x) = min'{A(x), B(x)}Vx € X,
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(iii)
(o B)(x) = {sup,‘;:yz[mini{Z(y), B(z)}] ifx =yz fory,z€X,
0

Otherwise
(iv)
(A +B)(x) = {iup,"pa(bﬂ)_ab [min{A(a), B(c)}] ifx =a(b+c)—ab, fora,c € X,
0 Otherwise

It is easily verified that the ™ product” of i-v fuzzy subsets is associative. Throughout this
paper, N will denote a near-ring unless otherwise specified.

3. (g, ev q%)-interval Valued fuzzy subnear-rings and (€, ev qg)-interval valued fuzzy
ideals in Near-rings

In this section, we introduce the notion of v qg—fuzzy sets which are generalization of fuzzy
sets.

Definition 3.1. Let A be a non-empty subset of N. The characteristic function of A denoted
by A4 and is defined by the mapping from N into [0,1]:

1 ifaeAd
0 ifag¢Ad.
is said to be a fuzzy point with support a and value t and is denoted by (a;).

(@) = {

For a fuzzy subset A € N, a fuzzy point (a;) is said to

« be contained in A, denoted by (a;) € 4, if A(a) > t.

« be quasi-coincident with A, denoted by a,q4, if A(a) +t > 1.
For a fuzzy subset A and fuzzy point (a;) in a set N, we say that
e (a; evql) if (a; € 1) or (a;)qA

generalized

Definition 3.2. A fuzzy point a; is said to belong to (resp., be k- quasi-coincident with) an i-
v fuzzy subset 4, written as az € A (resp., azqzA) if bda(a) > (resp., 1+t > § — k, where
k € D[0,1),8 € D[0,1) and k < §).

E_
q;A. az€ . .
k_t will respectively mean

_ — —— v
For any t € D(0,1], az € Z or azqoA will be denoted by it _
linez, aEEngi

az € Aand az v 27 do not hold.
arbitrary, but fixed.

Definition 3.3. An i-v fuzzy subset 1 is said to be an (€, ev qg) i-v fuzzy subnear-ring of N if
foralla,b € Nandt,7 € D(0,1] and k < &:

(i) az, by € Aimplies (@ + b)yinzry EV CI%/L
(ii) a; € 1 implies (—a); €V qgl

(iii) az, by € 7 implies (X9) ey EV G2A-
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Definition 3.4. For any two interval numbers, § = [§~,6%] and k = [k~,k*] addition,
subtraction, multiplication and division are defined as

5= {[5 + k6t + kY] if [6T4+kT, 8T +kY] <1
if [6~+k™,6%+k*]>1
g_z_{[c?‘—k*,d*—k‘] if [6~—k*,6*—k7]=0
if [6~—k*,6"—k7]<0.

§-k={min{6-k=,86% k*},max{6~-k~,8% - k*}].

{[mln(6_ i) max(g—_ i)] if §<k#0
3/%:! kR
if §>k

Lnot defined if §=k=0.

Lemma 3.5. Let A be an i-v fuzzy subset of N and ¢, 7 € (0,1] and k < &. Then:
(1) (a) ag, br € 1 implies (a + b)mm{m ev ¢27, and

(b) A(a + b) = min{A(a), /l(b) = }for all a,b € N are equivalent.

(2) (c) a; € A implies (— x)t ev q5l and

d) A(—a) = mm‘{l(a) = }for all a € N are equivalent.

(3) () az, b € A implies (ab)mm{t - EV qk/l and

(f) A(ab) = min{A(a), /l(b) = }for all a,b € N are equivalent.

Proof. (1)(@) = (b). Let a,b € N and min‘{A(a),A(b)} < %k Assume that A(a + b) <
min'{2(a),A(b)}. Choose t such that A(a+b) <t <min'{A(a),A(b)}. This implies

az, by € 2 but (a + b); €V q% 87 which contradicts (@). Nextlet mini{A(a),A(b)} = M

Assume that A(a + b) < ﬂ. Then Zesk & ke but (a+ b)sz €V ¢24, which

2

contradicts (a). Thus A(a + b) > min‘{A(a), A(b) } (b) = (a). Let ag, by € A. Then

A(a+ b) = min {/’l(a) /'l(b) —} > mml{t er, —} Thus A(a + b) = mini{t,r} if t <

ﬂ and A(a + b) > o Kif¢ > ok and7 > — Hence (a + D) mingery EV qkﬂ (d)= (c). Let

a; € A. Then /1(a) >t. Now /1(—a) > mm‘{/l(a) —} > mini{t, facé — k2}. That is

65—k - line6—k
A(— a)>t0r—acc0rd|ngast<7 rt > Z==""— Hence (—a); €V q; 57.

(3) follows easily from (2). |
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Theorem 3.6. An i-v subset 1 of N is an (€, v qg) i-v fuzzy subnear-ring of N if and only if

A(a — b), A(ab) = mini{A(a), A(b), =X

7}, foralla,b € N.

Proof. It follows from Lemma 3.5.

Corollary 3.7. An i-v fuzzy subset A of N is an (€, eV qg) i-v fuzzy subnear-ring of N if and
only if A(a — b), A(ab) = min‘{A(a), A(b), ), foralla,b € N.

rlined—k
2
Proof. The result follows easily from Lemma 3.5 if we take k = 0. [

Corollary 3.8. 1 is an (€, €V qg) i-v fuzzy subring if and only if A(a — b), A(ab) >
min‘{A(a), A(b), =}, forall a,b € N.
Remark 3.9.. Every i-v fuzzy subnear-ring and (€, €V qy) i-v fuzzy subnear-ring of N is an

(g, ev qg) i-v fuzzy subnear-ring of N, but, as the following example shows, the converse is
not necessarily true.

Example 3.10. Let N = {0, a, b, c} be the near-ring with (N, +) as the Klein’s four group
and (N, .) as defined below

+ 0 @ b |
0 0 @ b |
a a [0 c b
b b c P
C c b @ 0
0 a b C
0 0 0 0 0
a A @ a a
b 0 0 0 b
c A a a C

Consider the near-ring (N,+,). Define an i-v fuzzy subset A:N — [0,1] by A(0) =
[0.42,0.43] A(a) = A(c) = [0.4,0.41] A(b) = [0.44,045]. Then A is an (€, €V q(()ii') i-v
fuzzy subnear-ring of N. But, since 2(0) = (b — b) £ min'{A(b), A(b)} and 2(0) = A(b —
b) % mini{i(b),i(b),%}, A is neither a fuzzy subnear-ring of N nor an (€, €V qy) i-v
fuzzy subnear-ring of N.

Now we generalize the notions of i-v fuzzy ideals of N defined by Zaid [1] and (€, €V q) i-v
fuzzy ideals of N defined by Narayanan and Manikantan [9].

Definition 3.11. An i-v fuzzy subset 1 of N is said to be an (g, ev qg) i-v fuzzy ideal of N if
forall a,b,c € Nandforallr,t € (0,1] and k < é.
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(1) az, by € 2 implies (@ — b) gz €V 424

(2) a; € 2and b € N implies (b + a — b); €V qkl

(3)az € Aand b € N implies (ab)z €V gz /1

(4) c; € 2and a, b € N implies (a(b + ¢) — ab); €EV qkl

An i-v fuzzy subset A with conditions (1),(2) and (3) is called an (€, ev qf) i-v fuzzy right

ideal of N. If 1 satisfies (1), (2) and (4), then it is called an (€, ev q""e”‘”e‘s) i-v fuzzy left
ideal of N.

Lemma 3.12. Let A be an i-v fuzzy subset of N. Then:
(1) (@) ar, by € 2 implies (@ — b) iz €V 427 and

(b) A(a — b) = mini{A(a),A(b), 'ST:E} forall a,b € N are equivalent.
(2) (c) a; € 2and b € N implies (b + a — b); €V qkl and

(@ A(b + a - b) = min'{A(a), =5} forall a, b € N are equivalent.
(3) (€) a; € 2and b € N implies (ab); €V q5/1 and

(f) A(ab) = min‘{A(a), %} for all a,b € N are equivalent.

(4) (9) c; € Aand a,b € N implies (a(b +¢) —ab); €V qgi and

(h) A(a(b + ¢) — ab) > mml{/l(c) }for all a, b, c € N are equivalent.

Proof. (a) & (b). It follows from Lemma 3.5.

C>;|

(c) = (d). Leta,b € Nand A(b + a — b) < = Assume that (b + a — b) < A(a). Choose
tsuch that A(b + a — b) < t < A(a).

Then a; € 1 and (b +a—b); ev qk/1 Which contradlcts (c). Thus /1(b +a—b)=1(a).
b e

Next let A(a)geq— Assume that A(b + a — b)

v q5k/’l, which contradicts (c). Hence (d) holds.
(d)=(c). Let a;€x and bEN. Then A(a) =t and, by (d), A(b+a—b)=
min'{A(a),="}. This implies 2(b + a — b) = min'(£,="}. Then A(b +a—b) 2T if T <

ﬂand)L(b+a—b)>c6 k2 |f—<t Thusb+a—b€Vq 57. Hence (c) holds.

(e)= (f). Let a,b €N. Let A(a) < %k Assume that A(ab) < A(a). Choose t such that

A(ab) < T < (). Then az € 2 and (ab); €V q%;,,,, A which contradicts (e). So A(ab) = 7.
Next let A(a) = =%, Assume that Z(ab) < =*. Then faca, — k2 € 2 and (ab);_5 €V q74,
2

which contradicts (e). Hence (f) holds.
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(@)= (h). Leta,b,c € N and A(c) < 6;;. Assume that A(a(b + ¢) — ab) < A(c). Then there
exists £ such that A(a(b + ¢) — ab) < net < A(c). This implies that c; € 2 and A(b + ¢) —

erline6—k

ab ev q; A which contradicts (g). Assume that A(c) >

A(a(b +c) —ab) < % Then (a(b+c) — ab)s 7 EV qkl which contradicts (h). Thus

A(a(b + ) — ab) > min'{A(c), =¥} for all a,b, c € N. Therefore (h) holds.

(h) = (g) Let c; € A and a,b € N. Then, by (h) A(a(b +c¢)—ab) = min {)l(c) g_

=
5%

min'{t, —}} Thus A(a(b + ¢) —ab) > tift < 2K or A(a(b + c) — ab) >2KitE >
Therefore (a(b + ¢) — ab); €V qEA. Hence (g) holds.

Example 3.13. Consider the near-ring (N, +,-). Define an i-v fuzzy subset 1: N — D[0,1] by

A(0) = [0.42,0.43], A(a) = A(c) = [0.4,0.5], A(b) = [0.44,0.45]. Then A is an (€ €V
qg3) v fuzzy ideal of N. But, since A(b0) = 1(0) 2 A(b) and A(bO) =

1(0) 2 mlnll(b), = } A is neither an i-v fuzzy ideal nor an (€, €V q) i-v fuzzy ideal of N.

Theorem 3.14. Let {ii}{;l be a family of (g, ev qE) i-v fuzzy subnear-rings (ideals) of N.
Then 2 =n7; isan (€, €V q?) i-v fuzzy subnear-ring (ideal) of .

Proof. Leta,b € A.

A(a+ b) =n™, A;(a + b)

> mind ;. {min{A;(a), 2;(b), %_E}}

2 min (i i (@) minssin R 8, R
= min{(N}-, Z-)(a). (N, 1), 55

= min{A(a), A(b) }

A(—a) =N, ;(—a)

> mint e {min{Zi (@), 253}

= min{mint zie, (@), 25

= min{(n 1)(@), 5

- mm{/l(a) }

A(ab) =N, A;(ab) = mini_,_, {min{};(a), ; (b) = }}
> min{min! i<, (;(a)}, minlsisn{i(b», -k
= min{(N%, 2,)(a), (N, A; )(b) }

= min{Z(a), A(b). 255,
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Thus A is an (€, ev qg) i-v fuzzy subnear ring of N. [

Theorem 3._15. A non-empty subset A of N is an ideal (subnear-ring) of N if and only if 1, is
an (g,ev qg) i-v fuzzy ideal (subnear-ring) of N.

Proof. Let A be an ideal of N. Then A4 is an (€, €V qg) i-v fuzzy ideal of N.

Conversely, let 1, be an (e Ev qk) i-v fuzzy ideal of N. For any a, b € 4, we have 1,(a —

b) = min{A,(a), {AA(b) = min'{1, 1, = } Since k,6 € [0,1), a—b € A.

Leta € Aand b € N. Then A(b + a — b) = min‘{1,(a),= E} _ %‘F £ 0.
This implies that b+a—b €A Now let aeN and a€A. Then A,(ax)>

mm‘{/’lA(a), = } =22% This implies that ax € A. Let a,b € N and ¢ € 4, A,(a(b +c) —

5
ab) > mln‘{/lA (c), =X

T} = % This implies that a(b + ¢) — ab € A. Thus A is an ideal in
N. []

Theorem 3.16. An i-v fuzzy subset A of N is an (€, €V qg) i-v fuzzy ideal (subnear-ring) of

N if and only if the level subset /1 is an ideal(subnear-ring) of N, for all rline0 <t < u

and k € D[0,1),and & € D[0,1).

|07|

Proof. Let 7 be an (€, € q2) i-v fuzzy ideal of N. Let 0 < kand a,b,c € .

2

Then A(a — b) = mini{A(a), A(b), %E} > min{z, u} = tand hence a — b € A;.
Now Z(ab) > minfi(a), =5 = ©.

Thus ab € ;. A(a + b — a) = min{A(b), %E} =t implies a + b — a € A;. Hence A(a(b +
c)—ab) = min{el(c),%} =t forevery a,b,c € N. This impliesthat a(b + ¢) —ab € /_15.
So 4; is an ideal of N.

Conversely, Let A; be an ideal of N forall 0 <t < Eij. Let a,b € N. Suppose A(a — b) <
min‘{A(a), A(b), c8 — k2}. Choose t such that A(a — b) <t < mini{I(a),I(b),gT‘E}. This
implies a,b € Ayyeriinet- Then a — b € Ay, since Az is an ideal of N This implies A(a — b) >
t, a contradiction. Thus A(a — b) = min'{A(a), ﬂverlme/l(b) = } Suppose Aa+b—
a) < min‘{A(a), —} Choose t such that A(a+ b —a) <t < mm‘{/l —} Then b € /1—
Since /’lt isanideal of N,a+b —a € /1; and A(a + b — a) > t, a contradiction. Thus A(a +
b—a)=> mini{i(a),gi} Similarly, it can be shown that A(a(b+c)—ab) >

mini{I( ), rlmeé‘ k

}foralla,b € N. Thus A is an (€, €V qk) i-v fuzzy ideal of N.

Remark 3.17. Let 1 be an (€, €v qg) i-v fuzzy subnear-ring (ideal) of N. Then the level
subset I; is not necessarily a subnear-ring (ideal) in N. In Example 3.10, if we take t =
[0.43,0.435] then A; = {b} which is not subnear-ring in N, because t & 0 to 0.4.
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4. (€, €v q2) i~v fuzzy quasi-ideal and (€, €v ¢2) i-v fuzzy bi-ideal

In this section, we introduce the notions of (€, v qg) i-v fuzzy quasi-ideals and (€, ev qg)

i-v fuzzy bi-ideals of N which, respectively are generalizations of fuzzy quasi-ideals and bi-
ideals of N.

Definition 4.1. An (€, €V qy) i-v fuzzy subgroup A of N is called an (€, €v qz) i-v fuzzy
quasi-ideal of N if for all a € N, Z(a) 2 min'{(AN) N (NDap(N * 1)(a), .}

An (€, eV q}) i-v fuzzy subgroup A of N is called an (€, ev qy) i-v fuzzy bi-ideal of N if for
alla € N, 2(a) = min'{((ANZ) n (AN * D))(a), 3.

Definition 4.2. An (€,ev qg) i-v fuzzy subgroup of 2 of N is called an (€, ev qg) i-v fuzzy
quasi-ideal of N if for all a €N, Z(a) > min‘{(rlineAN) 0 (ND) 0 (N » D)(@), 2}
where k € D[0,1) and § € D[0,1).

An ((g,ev qg)) i-v fuzzy subgroup 1 of N is called an (€, €v qg) i-v fuzzy bi-ideal of N if
for all a € N, 1(a) = min!{((neANA) n (AN *I))(a),%‘ﬁ}, where k € D[0,1) and & €
D[0,1).

Remark 4.3. Every i-v fuzzy quasi-ideal, (€, €V q i-v quasi-ideal and (€, €V qy)i-v fuzzy
quasi-ideal of N is an (€, ev qg) i-v fuzzy quasi-ideal of N. Also every i-v fuzzy bi-ideal,(e

, € €eq i-v bi-ideal and (€, €V qy,) i-v fuzzy bi-ideal of N is an (€, ev qg) i-v fuzzy bi-ideal
of N. However, as the following example shows, the converse is not necessarily true.

Example 4.4. Let N = {0,1,2,3} be the group under addition modulo 4. Define multiplication
as follows:

W[ N | O] +
W[ N | O] O
O] W[ N ] &=
R O] W] N N
N[ | O] W W

W[ N k] O

o O O] o] ©
= N W] O
o] O o] o N
W[ N P[] O] W
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Then (N, +,7) is a near-ring (see [P.407] scheme 7). Let 2: N — D[0,1] be an i-v fuzzy subset
of N such that 1(0) = [0.4,0.41], A(1) = A(3) = [0.3,0.32], A(2) = [0.42,0.43]. Then A is
an  (€¢€v qg'f) i-v  fuzzy  quasi-ideal of N.  Since  1(0) =
[0.4,0.41] % min'{(AN)(0), (N2)(0), (N * 1)(0)} = [0.42,0.43] and A(0) =
[0.4,0.41] 2 min'{(AN)(0), (N2)(0), (N * I)(O),%k}} = [0.42,0.43], A is neither an i-v

fuzzy quasi-ideal of N nor an (in, €V q) i-v fuzzy quasi-ideal of N. Also 1 is an (€€V ¢33
fuzzy  bi-ideal of N.  Since  A(0) £ min'{(ANA)(0), (AN = 1)(0)}  and
(0) £ min!{(AN2)(0), (AN * 1)(0), I%E}}, A is neither an i-v fuzzy bi-ideal of N nor an (€
, EV q,1) i-v fuzzy bi-ideal of N.

Lemma 4.15. Let A be any nonempty subset of N. Then

(1) A is a quasi-ideal of N if and only if 14 is an (€, eV qg) i-v fuzzy quasi-ideal of N.
(2) A is a bi-ideal of N if and only if 14 is an (€, eV qg) fuzzy bi-ideal of N.

Proof. (1) Let A be a quasi-ideal of N.2, is an i-v fuzzy quasi-ideal of N and by Remark 4.3,
Aqisan (€, €V 2) i-v fuzzy quasi-ideal of N.

Conversely, let 1, be an (€, ev qg) i-v fuzzy quasi-ideal of N. Let a be any element of AN N
N N N = A. Then we have,

14(a) = min'{(Aa Ay N AyAy 0 Ay * 1) (@), %}

-y 5-k
= min{Aannnann=4)(a), =~}

= min{1, %}

S|

-k

w |

This implies that a € A and so AN N NAN N = A € A. This means that A is a quasi-ideal of
N.

2 LetA be a bi-ideal of N. 1, is an i-v fuzzy bi-ideal of N and by Remark 4.3, 1, isan (€, €
vV q2) i-v fuzzy bi-ideal of N.

Conversely, let 1, be an (€, ev qg) i-v fuzzy bi-ideal of N. Let b be an element of ANA N
AN * A. Then we have

2a(6) = min{ Gy 0 a2 (), 25

T S-k
= min{Aananan«a)(b), T}
= min{1, %}

5k

-~ This implies that b € A and so ANA n AN * A € A. This means that A is a bi-ideal of
O

=
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Lemma 4.6. Any (€,€v qg) i-v fuzzy quasi-ideal of N is an (€, ev qg) i-v fuzzy bi-ideal of
N.

Proof. Let A be an (€, v qg) i-v fuzzy quasi-ideal of N. Then we have
ANA < A(NN) < AN

ANA < (NN)A < NA

AN+ 1< (NN)*A<N=x21

Hence ANANAN * A< ANNNANN * 1 < .

N
IA
Ny

Hence AINANAN * A < AN N NAN N *
Leta € N. Now

min'{AINZ N AN * D(@), 5 < (@)},

It follows that 7 is an (€, €V ¢2) i-v fuzzy bi-ideal of N.

However, as the following example shows, the converse of the Lemma 4.6 is not necessarily
true. [

Example 4.7. Consider the near-ring (N, +,-).
Define an i-v fuzzy subset 2: N — D[0,1] by:

[0.3,0.35] if a=0,x(1)
if otherwise.

Aa) = { (2)

Let k = 0.2.Forall t € (0, ;k], 2; is the bi-ideal of N. Hence 1 is an (€, v qg:g) i-v fuzzy

bi-ideal of N. For ¢ =0.24, 2; = {0,a} and NA; N A;N N N = A; = {0,b} £ {0,a}. Thus

S|

Tambdaf is not a quasi-ideal of N. Hence 2 is not an (€, ev q%) i-v fuzzy quasi-ideal of N.

Theorem 4.8. Let A be an (€, €V qg) i-v fuzzy subset of N. If 1 is an (€, ev qg) i-v fuzzy

left ideal (right ideal, N-subgroup, subnear-ring) of N then 2 is an (€, eV qg) i-v fuzzy quasi
ideal of N.

Proof. Let A be an (€, ev qg) i-v fuzzy left ideal of N. Let a € N. Suppose a = xy =
ny(n, + z) — nyn,, where x,y,nq,n, and z are in N. We have

(AN N NAN N * 2)(a) = min'{(AN)(a), (NA)(a), (N * 1)(a)}

= min{supa=xyj(x)' Supa=xyz(y)l SUPa=n,(n, +z)—n1nzz(z)}-
Now
min{(AN N NAN N * 1) (a),%} = mini{min{supaqyi(x),supa=xyz(b),
% 3

= .35 L . = 8-k
SUPx=n,((n, +z)—n1n2)l(z); T}} = mln{ mm{l,l, SUPa=n,(n, +z)—n1n2/1(z)' T}}

, = 5-k
= mln{supa=(n1(n2 +z)—n1n2)/1(z): T}
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[ since A is an (€, ev qg) i-v fuzzy left ideal, A(n,(n, + z) — nyny) > min"{i(c),%z}]
< A(ny(ny + 2) —nyny) = A(a).

We remark that if a is not expressed as a = xy = n,(n, + z) — nyn,, then AN N NAN N *
D(a) = 0 < A(a) and min'{(AN N NA N N * iambda)(a),ﬂ =0 < A(a)}.

Thus A(a) = min'{(AN N NAN N * A)(a) } for all @ € N. Hence 1 is an (€, v qk) i-v
fuzzy quasi-ideal of N. [

Theorem 4.9. Let A be an (€, €V qg) i-v fuzzy subset of N. If 1 is an (€, €v qg) i-v fuzzy

left ideal (right ideal, N-subgroup, subnear-ring) of N, then is an (€, €V qg) i-v fuzzy bi-
ideal of N.

Proof. By Theorem 4.8, Every (€, €V qg) i-v fuzzy left ideal of N is an (€,€v qg) i-v fuzzy
quasi-ideal of N.and by Lemma ?, itis an (€, ev q"e‘s) i-v fuzzy bi-ideal of N.

Theorem 4.10. Let A be an (€, v qg) i-v fuzzy subset of N. 1 is an (e Ev qg) i-v fuzzy

quasi-ideal of N if and only if A;,,.; is a quasi-ideal of N, for all t € (0, = ] k €[0,1).

Proof. Let A be an (€,€v qE) i-v fuzzy quasi-ideal of N. Let a,b € N. Suppose a,b €
7 Te (0,55, gverlinek € D[0,1). Then A(a) 2T and A(b) 2 7. This implies that
min{A(a), A(b) } > t. Since 1 is an (€, €V qk) i-v fuzzy quasi-ideal, A(a — b) >t and

hence a—b € /’l;. Next, let x € 2N N N2; N N * A;. Then there exist x,y,z € A; and
ny,My, N3, My € N such that a = xny = nyy = ny(ny + ¢) — ngng. Thus A(x) = ¢, A(y) >t
and A(z) = t. Then

(AN N NAN N * 2)(a) = min'{(AN)(a), (NA)(a), (N * 1)(a)}

= min{supazxnli(x)' Supaznzbi(b)' Supa=n3(n4+z)—n3n4i(z)} >t

Now

Im

min{(AN N NZ N N * 1)(a), 5=~ = mmi[min{supa_xnj(x)

E
SUPq= nzyA(Y) SUPa=ns(ny+c)- n3n4l(z)} ] = mln{tr > }_ t.

Since 1 is an (€, ev qE) i-v fuzzy quasi-ideal of N, A(a) > t. Thus a € 1; and hence Z; is an
quasi-ideal of N.

Conversely, let us assume that At, t € (0, u] k € D[0,1), is a quasi-ideal of N.2 is an i-v

fuzzy quasi-ideal of N. By Remark efR4.3, 1 is an (€, €V qz) i-v fuzzy quasi-ideal of N. '

Remark 4.11. Let 1 be an (€, €v qg) i-v fuzzy quasi-ideal of N. Then the level subset Z; is

neo,2

not necessarily a quasi-ideal in N. 1 is an (€, €V Qo1 ) i-v fuzzy quasi-ideal of N. If we take
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t = [0.42,0.43] then A; = {2} and ;N N N2; N N * A; = {0}not C {2} = A;. Hence A; is
not a quasi-ideal in N, because t € 0 to 0.4.

Theorem 4.12. Let 1 be an (€, €V qg) i-v fuzzy subset of N. 1 is an (€, eV qg) i-v fuzzy bi-

ideal of N, if and only 2 is a bi-ideal in N, for all t € (o,a—j],ﬁ € D[0,1).and § € D[0,1).

|
=

Proof. Let 1 be an (€, ev qg) i-v fuzzy bi-ideal of N. Let t € (0,==], k € D[0,1). Suppose

|

a,b €N such that a,b € bdag. Then Z(a) > & A(b) = and min{A(a), A(6),2 > .
Since 2 is an (€, €V qp) i-v fuzzy bi-ideal, A(a — b) >t and hence a — b € ;. Let ¢ € N.
Suppose a € AzNA; N AgperiinecN * Az. Then there exist a, b, x;, x5,y € A; and ny,ny,ng €
N suchthat c = anyb = x n,(xyn3 + b) — xynyx,n3.

Thus 2(a) = t, A(b) = t, A(x;) = t, A(xp) = tand A(y) = . Now

(ANA N AN * 2)(c) = min'{(AN2)(c), (AN * 1)(c)}

= Min' {(supe=n,p {Min{A(a), 2(b)}}, o7
5upc=x1n2(x2n3+y)—x1n2x2n3 {min{l(xl),/l(Y)}}} B

We have

min'{(ANA N AN * 1)(a), 8k _ min! [min{supc—qn,»{min{A(a), A(b)}},
Uy ey 0y -y A0, O 22T}

> min{t, ?}

=t.

Since A is an (€, ev qg) i-v fuzzy bi-ideal of N, A(c) > . Thus c € 4; and hence A; is a bi-
ideal of N.

Conversely, let us assume that Az, 0 < t < %],k € D[0,1), is a bi-ideal of N.2 is an i-v
fuzzy bi-ideal of N. By Remark 4.3, ined is an (€, ev qg?) i-v fuzzy bi-ideal of N.

Theorem 4.13. Let i and A be any two (€, eV qg) i-v fuzzy quasi-ideals of N. Then i N 1 is

also an (€, ev qg) i-v fuzzy quasi-ideal of N.

Proof. Let z and A be any two (€, €v qg) i-v fuzzy quasi-ideals of N. Then, by a proof

similar to that of Theorem 3.14?, we can show that (z N 1) is an (€,€v qg) i-v fuzzy
subgroup of N. Let a € N. Choose x,y, x1,y1,z € N such that a = xy = x,(y; + ¢) — x1 1.

Since 7 and 1 are the (€, €V qfvemnek) i-v fuzzy quasi-ideals of N, we have

(1) mini{min[supa=xy{j(x)}: Supa=xy{z(y): SUPa=x,(y, +z)—x1ylz(z)}]: %} S Z(a)

and
(2) Now
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-k

S|

min[(EN DN ANE@EN D) NN = @A) (@), 5]

= mini[min{supazxy{(ﬁ n Z) (0}, Supazxy{_(/_l_n I) M3

|

_ = 65—k
Supazal(b1+c)—x1y1{(.u n /1) (Z)}}’ ?]

= min! [min{Supesy (Min{ (G, D), SuPamsy {min{ GO, DO},
SUPamay by 01y, (M (B2, D (DN} o]
< min! min{min[{supazzy (G}, UPamry O,
SUPama (by vy, (B, =), min{min[{supamsy (A()}, SuPamsybda) 1)},

- 56—k
Supazal(b1+c)—x1y1{(/I(Z)’ T}]

< min{(a), A(a)},

from (1)and ) _ = 1 7))

Thus i N Ais an (€, €V qg) i-v fuzzy quasi-ideal of N. [

Theorem 4.14. Let 7z and 1 be any two (€, €V qg) i-v fuzzy bi-ideal of N. Then 1z n 1 is also
an (€, €V q2) i-v fuzzy bi-ideal of N.

Proof. The proof is similar to that of Theorem 4.13 [

5. Conclusion

In this paper we have presented the notion of (€, ev qg)-i-v fuzzy bi-ideals, (€, ev qg)-i-v
fuzzy quasi-ideals of near-rings and derived the properties of these ideals.
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