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Abstract

In this paper, the stability of general impulsive retarded functional differential equations
where state variables on impulses are related to time delay has been considered. By using
Lyapunov functions and analysis along with Razumikhin technique, some criteria for the uniform
stability of impulsive differential equations have been derived. The obtained result extends and
generalizes some results existing in the literature.
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1. INTRODUCTION

A Impulsive differential equations have attracted many researchers because of their
ample potential applications in many areas such as control technology, industrial robotics, drug
administration and so on. Many classical findings have been extended to impulsive
systems[4,6,8,9]. By Lyapunov’s direct method, various stability problems have been discussed
for impulsive delay differential equations[1,3] .In addition, there have been several research
papers recently on stability analysis of delay differential equations[2,10,11]. The method of
Lyapunov functions and Razumikhin technique have been widely applied to stability analysis of
various delay differential equations [7]. Numerous research works are in the literature, on
impulsive delayed linear differential equations. But not much is done in state variables related to
time delay. In this paper we will study the uniform stability of impulsive differential equation in
which state variables at the time of impulses are related to time delay. As a result criteria on
uniform stability can be derived.

This paper is organized as follows. In Section 2, we introduce some basic definitions and

notations. In Section 3, we get some criteria for uniform stability of the system of the impulsive
differential equations. Finally, concluding remarks are given in Section 4.
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2.PRELIMINARIES

Consider the following functional impulsive differential:

) =flEx hEF btz
2t ) = x(t7 )+ L(x(5)) + J(x(tz =), keN (1)
x(t | ) = @ledtc 0]

We assume that function f,: B, = PC{[—r 0], B") = B™),r = 0 and ¢ = PC{[—r 0], B™) satisfy all
required conditions for existence and uniqueness of the solutions for all
t =ty 1. ] € C(R™ R™),Cis an open set in PC([—7,0],R"} The time sequence [£;]FZ, satisfy
O=ty <t, == <t ==, 7t == and x,.x, & PC([-7,01.E") are defined by x,(r} = x(t +7)
Jfor -7 = r = 0 .We shall assume that f(t,0)= I,(t.0) =0 for all t € R, and k € N,s0 that system
(1) admits the trivial solution.

Given a constant 7 =0, we equip the linear space PC{[—7,0].R") with the norm
I 1l = sup_.cre0ll(r)l.Denote x(t)=x(t,ty @),for be the unique solution of (1).Also, assume that
Fl U =040 =Uand /() = 0.t € K, and k& € Z,s0 that the system (1) admits zero solution.
In this paper, we make the following assumptions.
H1: For t € [#, — . t,], the solution (%, t,. @] coincides with the function g@{t — £,].
H2: f(t. @) is Lipchitzian in @ in each compact set in PC (-7, 0], B™).
H3: @ + I (9(0) ) + Ji(@)eC. keN.
H4: For each x(r}:[t; —r. 2] — R™ ,which is continuous everywhere except at the points #; at
which x(tf ) x(#;) exist x(tf) = x(t, ). f(t.x.) is continuous for almost all ¢ £ [t o2} ,at the
discontinuous points f is right continuous.
Definition 1: The function V : R, x R® — R, is said to belong to the class v, if we have the
following.
1)V is continuous in each of the sets [:;_,, t;1 X F",and for each x,w € R",f € [t;_,, t; 1k E N,
M e w eV (6 W) =V (87, X) exists.
2) V (¢, x) is locally Lipschitzian in all x € R",and for all ¢ > ¢,, V' (¢, 0) = 0.
Definition 2: Given a function V' : R, x E® — R,, the upper right-hand derivative of ¥ with
respect to system (1) is defined by
D*V (1, 6 (0)) = limg_g*sup g [V (++k.8(0) + kf (£.0))-V( 1, 8(0))]
for (¢,@) € R, x PC([-7.0.R™).
Definition 3: Let x(t) = x(t.t; @)be the solution of system (1) through (ty ). Then the zero
solution of the impulsive differential system (1) is said to be stable if, for any ¢y =0 and = == 0,
there exists a # = Al=.#,) = 0 such that llpll. < # implies that llx(t. #,. )l < =+ = #, and if A is
independent of ¢, then it is uniformly stable.

Volume 8, Issue Il, FEB/2018 442 http://ijamtes.org/



International Journal of Advanced in Management, Technology and Engineering Sciences ~ ISSN NO : 2249-7455

3. MAIN RESULTS

In the following, we shall establish criteria on impulsive differential equation with any time
delay for uniform stability. We have the followings results.
Theorem 1: Let the conditions (H1)-(H4) be satisfied. Assume that there exists a function
Ve #, and some positive constants g, w,w,,w, = 0 and p = 1,such that

(@) wyllxll? < V(t,x) < w,|lx||9forany t € [t; — 7,20) and x ER™.

() DV (t,x(t)) < wV(r,x(t)) forall te[ty_y, t,) keN

Whenever § V(t,x(t)] = V(t+ r,x(t +r)),wherer € [—1,0].
V(5 (e(82)) + 1 Ge(t — D)) < 22 V(e x(5)) + V(Eg -
(©) T, x(t; —1))] ,where

o 14 _ 1
b, = 0,X5, b, <00 and —F < -
o

(d (tpy—tpy)=u ::l:’*—fj,‘q’k EN.

Here x(t) is the solution of the system (1).Then for any time delay T £ (0,22),the zero solution
of impulsive differential equation (1) is uniformly stable.

Proof: Let x(t)=x(t, t;. ¢) be any solution of the impulsive system (1).

Now, we will show that

Vit x(t) < pw.llell?t € [ _,. t5). k € N. ()
Firstly, we will prove that
Vit x)) < pw.llpll?,t € [ 8,). (3)

Let us suppose that there exists t* € [t;.t,), such that 7(£*, x(£*)) = gur, llell¥.
Let t' = inf{t € (. £)|V(£. () = pwallgll?}.
Also Vit v (#,)) = wollgll ® = puellpll? ,where ¢ = ¢,
Also we know that 7(#". x(#')) = puw_llpl LV (£ «(8)) = pwllpll %8 & [£, — 7,t] 4
Define +* = sup{t € (5. t") |V (£ x(8)) = pw- IquIIE].Here t* = ¢" and
V(efx(t*)) = wo lloll2. v (£, 2(8)) = wa llpll?. e (%, ¢] 5)
By equation (4) and (5), we get
_ﬂl’{t.x{t]} =pws, ||q:'||l_-" = l’{r.x{r]}.t —T=Er=t
So by the condition (ii), we obtain that
pwsllol® = V(e x(t)) = V(R 2 (¥ 17 < w, |l ™
By condition (iv), this is a contradiction. So, it is proved that equation (3) holds. Also
V(2 () = Vit Le(x(65)) + Jo(xleg - DD
BB p(er, x(e)) + V(85 — 7 x(eg =D ))
(1+By

= — - (wlt) +wit, -7

=
= %W{tl] = iw{tl]

It foliows from the equation (3) that

Vit x(t)) < iw{tl]prw: Il < w,ll@ll

On the basis of above claim we can prove that

V(e x(®) < pwollpll?. ¢ € [t.2,)

In the similar way, in general we can prove that the equation (2) holds.
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-
For any given £ = 0, choose a constant & = 0 such that {::_—':]"'5 = e.When llgll; = 5,it means that
L |

lx(£)ll <e.t = t,.Thus, for any time delay re(0, cal,the zero solution of the impulsive differential
system (1) is uniformly stable.

Corollary 1.Let the conditions (H1)-(H4) be satisfied. Assume that there exists a function
Ve #, and some positive constants g, w,w,,w, = 0 and g = 1, such that
(@) wyllxll? < V(t, x) < wy|lx||9 forany t € [t; — T,00) and x € R™.
() DV (t,x(t)) < wV(r,x(t))forall te[ty_y, t,) keN
Whenever § V(t,x(t)] = V(t+ r,x(t + 1)), wherer € [—7,0].
© Vit b (x(80))) < b [V (5. x(80))
1

,where b, = 0,Z;=, b, < 0 and b, = =
o

(d (tpy—tp ) =u {l:—_p,‘v'k EN.

Then for any time delay 7 £ (0,27}, the zero solution of impulsive differential equation (1) is
uniformly stable.

4. CONCLUSION

In this paper, we studied the concept of uniform stability criteria of system of impulsive
functional differential equations in which state variables on impulses are related to time delay.
By using Lyapnov functions and Razumikhin technique, we have gotten some results for the
uniform stability of impulsive functional differential equations with any time delay.
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