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Abstract

This paper studies the global exponential stability of the impulsive delay differential by using
Lyapunov functions and Razumikhin techniques. The obtained results extend and generalize some
results existing in the literature. Moreover, the Razumikhin condition obtained is very simple.
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1. INTRODUCTION

There has been a growing interest in the theory of impulsive differential equations in recent years
since they provide a natural framework for mathematical modelling of many real world phenomena.
Impulsive differential equations have attracted many researchers attention due to their wide
application in many fields such as control technology, drug administration and threshold theory in
biology and the like. Such systems arise naturally from a variety of applications such as orbital
transfer of satellites, impact and constrained mechanics, sampled data systems, inspection processes in
operations research and ecosystem management. There are several research works which appeared in
the literature on the stability of impulsive differential equations.

In, recent years stability of impulsive delay differential equations has been extensively studied. See
[1-4,6-11] and the references therein. Recently there have been some research work in this direction in
[11-15], the author investigated the uniform asymptotic stability and global exponential stability of
impulsive delay differential equation. In [10], the author obtained some results on exponential
stabilization of impulsive delay differential equations. The method of Lyapunov functions and
Razumikhin technique have been widely applied to stability analysis of various impulsive delay
differential equations and they have also proved to be powerful tool in the investigation of impulsive
delay differential equations [6,8,10]. The aim of this work is to establish global exponential stability
criteria for impulsive delay systems by employing the Razumikhin technique which illustrate that
impulses do contribute to the stabilization of some delay differential systems. Our results show that
impulses may be used as a control to stabilize the underlying continuous system.
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2.PRELIMINARIES

Let R denote the set of real numbers, R, the set of nonnegative real numbers and R™ the n-
dimensional real space equipped with the Euclidean norm ||-||. Let N denote the set of positive
integers, i.e.,N = {1,2,...}. Given a constant T > 0, we equip the linear space PC([—t, 0], R™) with
the norm ||*||; defined by [|3]l:= sup_.<s<o lW(S)|l-

Consider the following impulsive delay system:

Ax(tk) = Ik (tk‘xt;), k € N, (21)
xto = ¢!

{x'(t) = F(t,x;), t#ty

Where F,I,: R, X PC([—7,0],R™) > R" ;¢ € PC([-7,0],R");0<t, <t; <t; < ..<t; < ..,
with t;, - o0 as k — o0 Ax(t) = x(t) — x(t™); and x;,x,- € PC([—7,0],R™) are defined by
xe(8) = x(t+5),x-(s) =x(t"+s) for —t1<s<0, respectively. We shall assume that
F(t,0) =1, (t,0) =0forallt € R, and k € N so that system (2.1) have the trivial solution. Given
a constant T > 0, we equip the linear space PC([—t, 0], R™) with the norm ||*||; = SUP_r<s<o IlW(S)|l-
Denote x; = x(t, to, ¢) the solution of (2.1) such that x; = ¢. We further assume that all the solution
x(t) of (2.1) are continuous except at t, k € N, at which x(t) is right continuous, i.e., Xpr = x(t),

kEN.

Definition 2.1:

Function V : R, X R™ — R, is said to belong to the class v if

6] V is continuous in each of the sets [ty_q,tx) X R™ and for each x € R™t € [ty_q,ty),
Andk €N, li rpt’y)_,(tlz,x)V(t, y) = V(t;,x) exists; and

(i) V(t, x) is locally Lipschitzian in all x € R", and for all t > ¢t,, V(¢,0) = 0.

Definition 2.2. Given a function VV : R, x R™ = R, the upper right-hand derivative of V with
respect to system (2.1) is defined by

1
DYV (t,¢(0)) = }ll_jorlmupﬁ{V(t +hY(0)+hF(t, ) —V(t,9(0))}
for (t,3) € R, x PC([—7,0], R™).

Definition 2.3. The trivial solution of (2.1) is said to be globally exponentially stable if there exist
some constants @ > 0 and M = 1 such that for any initial data x;, = ¢

llx(t to, @) | < Mlplle e7 %), t > ¢,

where (to, @) € R, x PC([—1,0], R™).
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3.The Lyapunov-Razumikhin Method

In this section, we shall present some Razumikhin-type theorems on global exponential
stability for system (2.1) based on the Lyapunov—Razumikhin method. Our results show that
impulses play an important role in stabilizing delay differential systems.

Theorem 3.1. Assume that there exist a function V € v, and several positive constants p, c,cq,
c3,A>0,y 21,0 >1and o — A = csuch that

(i) cllxl|lP < V(t,x) < c,lx]||P, foranyteR, and x € R,
(ii) D+V(t,<p(0)) < cV(t,<p(0)),for all t € [ty_q, ty), k € N, whenever qV(t,(p(O)) >
V(t+s,@(s) for s € [-1,0], where q¢ = ye T is a constant;
(iii) V(ty, (0) + I (ty, ) < di V(t,;,(p(O)), where 0<d,_{<1,VEKEN are
constants;
(ivy y=1/dy_sand Indy_; < —Ao(ty —ty,_1),KEN.
Then the zero solution of the impulsive retarded differential equation (2.1) is globally exponentially
stable with convergence rate % for any time delays 7 € (0, ).

Proof: Let x(t) = x(t, ty, ¢) be any solution of the impulsive system (2.1) with the initial condition
X¢, = ¢, and v(t) = V (¢, x).

We shall show that
v(t) < M||¢pllfe 25, t € [ty_y, ty), k EN. (3.1)

1 e o
Lety = supgen {m} From condition (iv), we can choose a positive constant M > 0 such that

0< Czela(tl—to) <M<cg, yelf—la(ﬁ—to)e/‘w(tl_to) (3.2)
It then follows that

0 < clIplly < callpllfe” @) < M|g|7e~*r=t) (3.3)
We first prove that

v(6) S M|glI7e™ 40, € [to,t). (3.4)
To do this, we only need to prove that

v(6) S M|gll7e™ O, t € [ty ty). (3.5)

If (3.5) is not true, then by (3.3) there exists t € (to, t;) such that
v(E) > MligllTe ™17 2 ¢,[|plFe” 7t > o, [IplIF 2 v(to +5), s € [-7,0],
Which implies that there exists t* € (¢, t) such that

v(t) = Mligllge 7% and v(t) < v(t"), tE€lt, —,t"], (3.6)
and there exists t** € [tg, t*) such that
v(t™) = c,||plIF and v(t™) < v(t) < v(tY), t € [t t7]. (3.7)

Hence, for any s € [—1, 0], by (3.2) and (3.7), we get
bt +5) < MI[IPe A0t < ¢, yerriotato)gtotta=to) | p|Pe-Atrto) < yeltc, || g||?
=yeM v(t™) < qu(t™) < qu(t), tE€ [t™,t*] (3.8)
and thus by (3.8) and condition (ii), for t € [t**,t*], we get D+(v(t)) < cu(t) < Ao v(t). It follows
from (3.2),(3.6) and (3.7) that
p(t") < D(EATEE) < ¢ [|plLer ) < | plP et
< Ml|g|[Pe20mt0) = p(c?)
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Which is a contradiction. Hence (3.4) holds and then (3.1) is true for k = 1.
Now we assume that (3.1) holds fork = 1,2,...,m(m € Nym = 1), i.e.,

v(t) S M||p|Pe 2t t € [ty ti), k=12,..,m. (3.9)
Next, we shall show that (3.1) holds fork =m + 1, i.e.
v(t) < MI@lIFe %), t € [ty tinss) (3.10)

Suppose (3.10) is not true. Then we define & =i nf{t € [t tyyr)|v() > M||pIF e~ 2710},

From conditions (iii), (iv) and (3.9), we get

0(tn) < dMIlITeHEn=0) = d, M| p|[Fe e H0) < dyedEmea=tm M| 7o)
< e~ (tmi1—tm) g Atme1—tm) M”(p”ge—/‘l(f—to)

< Mljp|l7e o) (3.12)
and hence t # t,,. From the continuity of v(t) on the interval [t,,, t;+1), Wwe have
v(t) = M||¢|Ife"1(f‘t0), and v() <v(t), tEI[tytl. (3.12)

From (3.11), we know that there exists t* € (t,,, t) such that
v(t") = dpe?tm=tmM||g|Pe M%), and  v(t) < v(t) < v(E), tEt,E].  (3.13)
On the other hand, for t € [t*,t] and s € [—7,0], either t + s € [ty — T, t;y) OF t + 5 € [ty t].
Ift+s€([ty—r1, ty,) from(3.9), we obtain
v(t+ ) < MlplIZe™ 710 = Mg |e-A0-twe-2s

< M”(;bllge—/l(f—to)el(?—t) et

< e*eAtmi=tm) M||p||Pe~HEt0) (3.14)
while, if t + s € [ty t], from (3.12), then
v(t +5) < M|l e 2(5%0) < e?redtmi=tn) M||gp||7e~A(F50) (3.15)
In any case however, (3.13)-(3.15) imply that, for any s € [—1, 0], we have
v(t + 5) < e?erltmia=tm) M||p||Pe~2E-t0) < yelTy(t) < qu(t), t €[t T]. (3.16)

Finally, by (3.16) and condition (ii), we have D+(v(t)) < Ao v(t). Thus, in view of condition (iv),
we have
v(f) < v(t*)eAaG—t*) — dme)l(tm+1—tm)M||¢”€e—/1(?—t0)ela(?—t*)
< e—Aa(tmﬂ—tm)e/l(tm+1—tm)M||¢ ||fe_’1(f_t°)e’1“(f_t*)
< M”(p”ge—A(?—to)elo(?—to)
< Mliplize*0) = v(F)
Which is a contradiction. This implies the assumption is not true, and hence (3.10) holds. Therefore,

by some mathematical induction, we obtain (3.1) holds for any k € N. Then from condition (i), we
have

~2(t=to)
llxll < M*llpll.e » ™, t € [ti-r,ti) kK EN
1
where M* = nux {1, [Cﬂ]g}, which implies that the zero solution of the impulsive system (2.1) is
1

globally exponentially stable with convergence rate % . The proof is completed.

Theorem 3.2. Assume that there exist a function V € v, and several positive constants p, c,c;,
€5,6,A>0,y =2 1,and 0 — A = csuch that
(i) cllxl|lP < V(t,x) < c,lx]||P, foranyteR, and x € R,
(ii) D+V(t,(p(0)) < CV(t,(p(O)),for all t € [ty_q,t,), k € N, whenever qV(t,go(O)) >
V(t+s,¢(s) for s € [—1,0], where g > ye T is a constant;
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(iii) V(te, (0) + I, (t, ) < dy V(t,;,(p(O)), where 0<dy_;<1,VEKEN are

constants;
(iv) y=1/dg_iandinindy_i <—(c+A+c)(t,y —tr_1),kEN.

Then the zero solution of the impulsive retarded differential equation (2.1) is globally exponentially

. 2 .
stable with convergence rate - for any time delays 7 € (0, ).

Proof: Let x(t) = x(t, ty, ) be any solution of the impulsive system (2.1) with the initial condition

X¢, = ¢, and v(t) = V (¢, x).
We shall show that
v(t) < M||pllfe~ A1), t € [t,_y,t,), k €N.

(3.17)

1 o o
Lety = supken {E} From condition (iv), we can choose a positive constant M > 0 such that

0< Cze(a+)l+c)(t1—t0) <M< Czye(A+c)‘r—(a+l+c)(t1—t0)e(a+l+c)(t1—t0)
It then follows that

0 < cllpll < csllpll7e @) < Ml|p|l7e~ Ao to)

We first prove that

v(t) < M||¢pl|Te MO ¢ € [t t,).

To do this, we only need to prove that

v(t) < M|glI7e” Gt L € [tg, ty).

If (6) is not true, then by (3.19) there exists t € (tg, t;) such that

(3.18)

(3.19)

(3.20)

(3.21)

v(t) > Mllgllfe” G0 > ¢ ||plIFe” @) > o, I} = v(ty +5), s € [-7,0],

Which, implies that there exists t* € (o, t) such that

v(t?) = M||p||Pe A1) and v(t) < v(t*), tE [ty — T,t7],
and there exists t** € [tg, t*) such that

v(t™) = c,||plIF and v(t™) < v(t) < v(tY), t € [t t7].
Hence, for any s € [—1, 0], by (3.18) and (3.23), we get

(3.22)

(3.23)

v(t + S) < M”¢”€e—(l+c)(t1—t0) < c, ye(l+c)r—(a+)l+c)(t1—t0)e(a+l+c)(t1—t0)”(p”?e—()Hc)(tl—to)

< ye™ o lIglly = ye®*OT v(t™) < qu(t™) < qu(e),t € [t t']

(3.24)

and thus by (3.24) and condition(ii), for t € [t**,t*], we get D*(v(£)) < c(t) < (6 — A — ) v(t). It

follows from (3.18),(3.22) and (3.23) that
v(t") S v(t™)elAIE < gy |p||7e AT < ¢y ||| 771 H)
= CZ||¢||¢e(G+/1+C)(t1—to)e(—l—C)(trto)
< M||¢ll7e A0 = p(t)
Which, is a contradiction. Hence (3.20) holds and then (3.17) is true for k = 1.
Now we assume that (3.17) holds for k = 1,2,..., m(m € N,m = 1), i.e,,
v(t) < M||p||PeA9C ) t € [t,_y, ti), k = 1,2, ..., m.
Next, we shall show that (3.17) holds fork =m + 1, i.e.
v(t) < MllgplI7eCA )t € [ty tmys)

(3.25)

(3.26)

Suppose (3.26) is not true. Then we define t = i nf{t € [y, tmy1)|v(t) > M||@||DeA-OEtI},

From conditions (iii), (iv) and (3.25), we get
V(tm) < dpM||p||7eAEmto)
= dell(;bllf A+ (t-=tm) g—(A+c)(t-to)
< dme(/‘1+c)(tm+1—tm)M”¢||Ié’e—(/‘l+c)(f—t0)
< e~ (@+A+0) (tmi1—tm) o A+0) (Emp1—tm) M”(;[,”fe—(/‘Hc)(E—to)
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< M|g||7e=Arott) (3.27)
and hence t # t,,. From the continuity of v(t) on the interval [t,,, t;;41), we have
v(t) = Ml|gp||Pe-A+a(t=to), and  v(t) Sv(E), tE [ty (3.28)

From (3.27), we know that there exists t* € (t,,, t) such that
v(t") = dpeOtmu—tm) M||¢p||Pe-A+I(E5), and v(t*) < v(t) < v(E), t €[t,E]. (3.29)
On the other hand, fort € [t*,t] and s € [—7,0], eithert + s € [ty — T, t;y) OFt + S € [t t].
Ift+s €[ty —r,ty,) from(3.25), we obtain
U(t + S) < M”¢||€e—(l+c)(t—to)e—(/1+c)s

< M”d)”‘lge—(l+c)(f—t0)e(l+c)(f—t) e(l+c)r

< e(ﬂ.+C)Te(A+C)(tm+1—tm)M”¢”fe—(ﬂ.+c)(f—to) (330)
While, if t + s € [ty t], from (3.28), then
v(t+5) < M||¢)||f€_()‘+s)(f_t°) < eA+OT o Altmer—tm) Mll¢”¢e—(l+c)(f—t0) (3.31)

In any case however, (3.29)-(3.31) imply that, for any s € [—T, 0], we have
v(t+5) < e A+0)T o (A+O) (tme1=tm) M”d)”?e_u"'c)(f_to) < ye(l+c)rv(t*)
< yeMITy(t) < qu(t),t € [t €] (3.32)

Finally, by (3.32) and condition (ii), we have D*(v(t)) < (6 — A —c) v(t). Thus, in view of
condition (iv), we have
v(t) < v(t)e@A-0(Et)

— dme()l+c)(tm+1—tm)M”¢||¥e—(l+c)(f—t0)e(a—l—c)(?—t*)

< e—(a+)l+c)(tm+1—tm)e()l+c)(tm+1—tm)M”¢||¥e—()l+c)(f—t0)e(a—)l—c)(f—t*)

< e —(a+)l+c)(tm+1—tm)e(l+c)(tm+1—tm)M”¢ ||€e—()l+c)(f—t0)e (o-2—c)(t-t*)

< M”(;bllge—/’l(f—to)ela(f—to)

< Mlipll7e %) = v(7)
Which is a contradiction. This implies the assumption is not true, and hence (3.26) holds. Therefore,

by some mathematical induction, we obtain (3.17) holds for any k € N. Then from condition (i), we
have

~2(t-to)
x| < M*[lpll.e » ™, t € [t-r,ti) K EN
1
where M* > nax {1, [CM]E}, which implies that the zero solution of the impulsive system (2.1) is
1

globally exponentially stable with convergence rate % . The proof is completed.

We can see from Theorem 3.1 and 3.2, impulses have played an important role in exponentially
stabilizing a delay differential system.
Next, we apply te previous theorems to the following linear impulsive delay differential system:
x(t) = Ax(©) + Bx(t — (), t # ti, t = ¢t
Ax(t) =Cyx(t™), t=1t,, KEN (3.33)
Xty = b,
Corollary 3.1 Suppose there exists some constants g, 4 > 0, and y = 1 such that
(i) for some constant g = ye*%, 1,0 (AT + A+ E)+q|Bl?<o-2

(i) y = ||ET1|| and In||E + C,_4|| < —(o + A)(tyx — ty_1), where C, = E, k € N.
k-1

Then system (3.33) is globally exponentially stable and its convergence rate is 1/2.
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Proof. It follows from above theorem by selecting Lyapunov function V (x) = ||x||?.
Example 3.1 Consider the following linear impulsive retarded dynamical system.

x(t) = Ax(t) + Bx (t —é(l + e‘t)), t+t,t=>t,

Ax(t) = Cox(t™), t= t k€N (3.34)
xto = ¢'
where
01 02 -01 —-0.12 0.02 0
A=102 0.15 0.3] , B=]012 -0.2 0.05]
0 024 01 0 0.14 -0.1
and

—-0.5 0 0
Cy =[ 0 -0.8 0 ]
0 0 -0.4
It is easy to check that for the time delay T = 0.8, the corresponding system without impulses is

unstable. The numerical simulation of this retarded dynamical system with respect to initial functions;
b0 =" W a0 ={" 00 g0 = {0, (D
is givenin Fig. 1.

It is easy to see that A,,,,(AT + A+ E) = 1.8819, ||B||?> = A0 (BBT) = 0.0844 and
|IE + Cill = 0.6. By taking ¢ = 25,y =5,A=2,0 =6.2 and t,, —ty = 0.06, it is easy to
verify that all the conditions of Corollary 3.1 hold:

(i) g = 25 = ye?™ = 24.7652, Ao (AT + A+ E) + q||IB||> = 3.9919 < 0 — 1 = 4.2;
(i) In ||E + C¢|| = —0.5108 < —(0 + A)(tyy1 — tx) = —0.4920;

Which, means the impulsive retarded dynamical system (3.34) is globally exponentially stable with
convergence rate 1. This conclusion cannot be delivered by applying the corresponding exponential
stability results for impulsive retarded differential equations given in the literature [1,2], since the
length of the impulsive integrals is excessively less than the time delays, i.e.,t, — t,_; = 0.06 < 7 =
0.8. Fig. 2 illustrates the change process of the state variables of the delay system (3.34) in the time
interval [0,1.4].
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