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Abstract — The aim of this paper is to study thermal stresses of a circular plate, in which boundary conditions
are of radiation type. We apply integral transform techniques and obtained the solution of the problem.
Numerical calculations are carried out for a particular case and results are depicted graphically.
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1. INTRODUCTION

Nowacki [3] has considered the direct and inverse problem of thermo elasticity of a thin circular plate.
Wankhede [6] has determined the quasi-static thermal stresses in circular plate subjected to arbitrary initial
temperature on the upper face with lower face at zero temperature. Roy Choudhari [5] has succeeded in
determining the quasi-static thermal stresses in a circular plate subjected to transient temperature along the
circumference of circular upper face with lower face at zero and the fixed circular edge thermally insulated.
Khobragade [7] has studied Thermoelastic analysis of a thick hollow cylinder with radiation
conditions. Meshram et al. [9] have discussed steady state thermoelastic problems of semi-infinite
hollow cylinder on outer curved surface.

This paper is concerned with inverse transient thermoelastic problem of a circular plate occupying the space
0 <r<a, —h<z<h withradiation type boundary conditions.

2. STATEMENT OF THE PROBLEM-I

Consider a circular plate of thickness 2h occupying the space D :0 < r <a, —h<z<h. The material is isotropic,
homogeneous and all properties are assumed to be constant.

The equation for heat conduction as [3] is

k 1o ra—T +82—T + (rzt)—a—T
r or\ or 022 LA E ot 2.1

where k is the thermal diffusivity of the material of the plate (which is assumed to be constant).

Subject to the initial and boundary conditions

M, (T,1,0,0)=0 forall 0<r<a, —h<z<h (22)
M, (T,1,0,a)=Gz,t)(unknown forall —h<z<h, t>0 2.3)
M, (T, Lk, )= f(r,)) o1 0<r<a, t>0 2.4)
M, (T, ky,—h)= gr,t) sran 0<r<a, t>0 2.5)
M, (T,1,0,b)=F(z,t),(knowy forall —h<z<h, 0<b<a, t>0 (2.6)

The most general expression for these conditions can be given by
M, (f,k,k,3)= (kf + kf)vzj

where the prime (*) denotes differentiation with respect to V- k andk are the radiation constant on the upper and
lower surface of thin circular plate respectively.

The differential equation governing the displacement function U(r,z,t) as [2] is
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o°U 1 aU
—arz + r— 5 = (1 + V) atT 2.7)
withU=0atr=a (2.8)

where V and @, are the Poisson ratio and the linear coefficient of thermal expansion of the material of the circular plate.

The stress functions and O, and o, oo as [2] are given by

1
O == 2:” - a_U (2.9)
r or
o0°U
Opp =—2U 2 (2.10)

where 44 is the Lame’s constant, while each of the stress functions 0 . , & and O g, are zero within the plate
in the state of stress.

Equations (2.1) to (2.10) constitute the mathematical formulation of the problem under consideration.

2h

Figure shows the geometry of the problem
3. SOLUTION OF THE PROBLEM

Applying Finite Hankel transform as [4] to the equations (2.5), (2.6), (2.8), (2.9) and using equations (2.7), one obtains

. FT(E,z0) | . T (E,z0)
{—fiT(émz,mT LA va 3.1)

where

M,(T",1,0,0)=0

(3.2)

M (T" Lk, )= f*(&,,0) (3.3)

Mz(T*alakza_h):g*(gnnt) (3.4
b

7 =[xz r Koy dr 69
0

where the symbol (*) means the function in the transformed domain the nucleus for the finite Hankel transform defined by
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Ko(&,r)=——
’ DAGEAED)
Further applying finite Marchi-Fasulo transform as [1] to the equations (3.1), (3.2) and using (3.3) and (3.4), one obtains

PU)/" PChg" |, o | _dT (&m0
k k, dt

—ﬁ[ Jo(&,) ]

k[—(éf +um2>T*(én,m,t)+{ (3.6)

M,(T",1,0,0)=0 3.7)

where T is transformed function of 7 and m is the transformed parameter. The symbol (-) means a function in the
transformed domain and the nucleus is given by the orthogonal function in the internal -2 <z <4 as

P (2) = 0 Cos (14,2) = W Sin (44,.7)
in which
O = thyy, (ky +kp) cos(g4,h)

W =2 cos (u,h) + (ky — k) u, sin (@,,h)
h

/1%1 = IPZ(Z) dz=h [Q2 + W2]+ Sin (2;umh) [QZ _WZ]
—h 2t

The eigen values £ ;; are the positive roots of the characteristic equation
[ka cos(ah) + sin(ah)] [cos( ah) + k,asin( ah))
=[k,acos( ah) —sin( ah)] [cos( ah) — k,a sin( ah )]

After performing calculations on equation (3.6), the reduction is made to linear first order differential equation

dr” —

% FRE + )T (& myt)=Qm, ) a7

where

Q(m,n):{Pm(h)f _By(-hg } oy -
kl k2

The transformed temperature solution of the differential equation (3.7) is

T Q(m,n) [l_e—k(§f+ym2)t:|

N 2 2 (3.9)
kS + t
Applying the inversion theorems of transformation rules defined in (1.1. ) and (1.1.), one obtains
©  © mn o )
EHENIDS $Xmn) x[1—e &P (2) Ko(&,7) (3.10)

2 2
n=l m=l ﬂ’m é:n +Ium

n=l m=l

0 0 q ) ey
Gan=y Zmﬁ) x[1—e &P (2) Ko(E,a) G.11)

Equations (3.10) and (3.11) represents the temperature distribution and unknown temperature gradient of a circular plate
when there are radiation type boundary conditions.
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4. DETERMINATION OF THERMOELASTIC DISPLACEMENT
Substituting value of temperature distribution 7(7, z,¢) from equation (3.10) in equation (2.10), one obtains the

thermoelastic displacement function U (I’, z,t ) as

U(r,z.)=—(1+V)q, Z Z 1«(? ?u )X[l—e"‘<ff+“m2>f]Pm<z) Ko(&,r) @1

n=1 rrrl

5. DETERMINATION OF STRESS FUNCTION
Using equation (4.1) in equations (2.12) and (2.13), one obtains

Q(m,n) k(24,2 W2ul Ji(&r)
= _ n m =7 Z1hon 7
=(+v)a ’;mz_:;f A K(EX + 112) x[1-e 15, (2) b L’Jo(étnb)} -0

0'99:(1+v)atz Z 2(;? N x[1_e—k(§3+um2)z]Pm(z)

2 [@Jo(fm _ Jl(ﬁ,,r)}

Jo&h)  ry(Eb) 2

6. SPECIAL CASE AND NUMERICAL RESULTS
Set f(rn)=r(l—e")e", g(r.)y=r(l—ee™, y(r,z,t)=6(r—1,)0(z—z)(t —ty) (6.1)

Modulus of Elasticity, E (dynes/cm’) 6.9 x 10"

Shear modulus, G (dynes/cm”) 2.7 x 10"

Poisson ratio, v 0.281

Thermal expansion coefficient, a,(cm/cm-"C) 255 % 10°°

Thermal diffusivity, & (cm?¥/sec) 0.86

Thermal conductivity, A (cal-cm/’C/sec/ cm®) 0.48

Outer radius, a (cm) 10

Inner radius, b (cm) 9

Thickness, 4 (cm) 1

T(rzt)

0.2 04 0.6 0.8 1

r

Figure (1) : Graph of r vs T(r,z,t) Figure (2) : Graph of r vs u,
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Figure (3) : Graph of r G,

7. STATEMENT OF THE PROBLEM-II

Consider a thick circular plate. The material of the plate is isotropic, homogenous and all properties are assumed to be
constant. Heat conduction with internal heat source and the prescribed boundary conditions of the radiation type is
considered. Equation for heat conduction in cylindrical coordinate as [3] is:

k lg(ra_T)+(32_T + (rzt)—a—T
o) e | R T 1)

ror

where k is the thermal diffusivity of the material of the cylinder (which is assumed to be constant), subject to the initial
and boundary conditions

M, (T,1,0,0)=0 foral 0<r<a,-h<z<h (12)
M, (T,1,0,a) = G(z,1), (unknown) forall =A<z<h >0 (7.3)
M (T, k,h)=f(r,t) 0<r<a,t>0 (7.4)
M, (T, ky,—h)y=g(r,t), tral 0Zr<a t>0 (1.5)
M,.(T,1,0,b)=F(z,t), (known) forall , 0<b<a t>0 (7.6)

The most general expression for these conditions can be given by
Mlg(f9k7k7$) = (kf+k f)19=$

where the prime () denotes differentiation with respect to 19; 0< N<a; k and k are radiation constants on the
upper and lower surfaces of the plate respectively.

The Navier’s equations without the body forces for axisymmetric two-dimensional thermoelastic problem can be expressed

as [2]
Pt 0 20 o,
Tt 1-200r 1-20 o (1.7)
V- 1 %_2(1+U)a15_T:0 08
1-2v0z 1-2v 0z
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where U, and U , are the displacement components in the radial and axial directions, respectively and the dilatation e as

ou, u, Ou,
or r 1574 (79

The displacement function in the cylindrical coordinate system are represented by the Goodier’s thermoelastic

displacement potential ¢(7” ,Z,t ) as [3] and Love’s function L as [8]

e=

L _04_ L
=_r _ (7.10)
" or oroz’
0 o’L
u, =—¢+2(1—u 2 - (7.11)
oz
in which Goodier’s thermoelastic potential as [3] must satisfy the equation
1+v
Vig= [ ja;T (7.12)
—U
and the Love’s function L as [8] must satisfy the equation
2 72
V2(V2L)=0 (7.13)
2
» 10 0 0
Where V =——| r— |[+—
ere r 61"[ Gr] 022

The component of the stresses are represented by the use of the potential ¢ and Love’s function L as [3]:

= o9 oL 7.14
. 2G{ar V¢J 6Z[VL — j} (7.14)

a6 l(129 _g2y), 0 (e, Lok
o0 _ZG{(;’ or v ¢}+62[ VL r arj} (.15)
o..=2G L A& +— (2-v)VL- o’L (7.16)
= -2 622
o —2Gl 00 0 (1-0)V L—a—L (7.17)
= oroz Or 0z? '

2h

Figure shows the geometry of the problem
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where G and U are the shear modulus and Poisson’s ratio respectively.

Equations (7.1) to (7.17) constitute the mathematical formulation of the problem under consideration.
8. SOLUTION OF THE PROBLEM-II

Transient Heat Conduction Analysis:

Applying finite Hankel transform and Marchi-Fasulo transform as [4] , [1] to the equation (7.6) under the condition (7.8)-
(7.10), the following reduction is made

dT" —
7+kAm,nT =Q(a,,,,) ®.1)

where
2 2
Am,n =0y + ﬂn

and

Q(am’ﬂn)z{Pm(h)f* + Pm(_h)g*} +l*

ki ka

in which Ko(ﬂn’”)ZT Jo(B.b)
0\Fn

The eigen values /3, are the positive roots of the characteristic equation J, 0 (ﬂn b) =0,

Then, the transformed temperature solution of equation (5.3.1) is given by

T (e 5,50 =)

m,n

1-exptk A, , 1] (8.2)

Accomplishing the inversion theorems of transformation rules on equation (8.2), the temperature solution and unknown
temperature gradient respectively are shown as follows:

T(r,z0)= Y DI, [I-exp(~k A,,, O] xP,(2)Ko(B,r) (83)

n=l m=1

G(zt)= Y Y T, [I=exp(—k A, 0] xP,(2)Ky(3,0)

n=1 m=1

where

A, kA L)

9. THERMOELASTIC DISPLACEMENT

Referring to the fundamental equation (7.1) and its solution (8.3) for the heat conduction problem, the solution for the
displacement function is represented by the Goodier’s thermoelastic displacement potential ¢ governed by equation
(7.12) as

1 o o© Hmn
¢(r,z,t)=—(£ja, Z;Am’ [l_exp(_kAm,n t)] me(Z)KO(ﬂnr) 9.1

1-v n=l L1
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Similarly, the solution for Love’s function L as [8] are assumed so as to satisfy the governed condition of equation (7.13) as

L(r,z,0)=— [”“jatiinlu expCk A, 1)]

n=l m=l

xKo(B,r) * [cosh(,z)+zsinh(f,2)] (9.2)
In this manner, two displacement functions in the cylindrical coordinate system ¢ and L are fully formulated.

Now, in order to obtain the displacement components, we substitute the values of thermoelastic displacement potential @
and Love’s function L in equations (7.10) and (7.11), one obtains

u, = ‘(H_Ujaf i in [1-exp(—k A, 1)] x[—ﬁ Pn /1B, f>}

bJy(B,b)

x {=0Q, cos(a,z)+W, sin(a,z)+zp, cos(f, z)
+sin(f,z)+ B, sinh(f,2)} 93)

u, :_(ii—Z]at Z Z Am)n [l—eXp(—k/\,,m DIxKo(B,1)

x{a,lQ, sin(a,z)+W, cos(a,z)]
+ B, [-2+ 8, +4v]cosh( B,2) + z 2 sinh( B,2)}

Thus, making use of the two displacement component, the dilation is established as

<{(B2 +a3,,>[Qm cos(@,z) —W,,sin(@,,z)]

9-4)

1_Imn
1 exp( kAmnt)]XKO(ﬁ I")

m,n

>

+2(=1+20)B7 sinh(S,2)} 9.5)

Then, the stress components can be evaluated by substituting the values of thermoelastic displacement potential ¢ from
equation (9.1) and Love’s function L from equation (9.2) in equations (7.14) to (7.17), one obtains

1+0v IT, , [1-expkA,, ,1)]
=2G 2 2
( ja’z Ar 2000 (B5,) ]

n=l m=1l

X {_ ﬂnz J2(rﬂn)(_Qm COS( amz)+ Wm Sil’l( amz)+ Zﬂn COSh( ﬂnz)+ (1 + ﬁn)Sinh( ﬁnz)
+Jo(r B,)[z B, cosh@, 2) +(2a, + B )(0,,c08@,,2)—W,,Sin@, 2))

+ B2(1+ B, +4v)sinh(B,2)]} 06
1+0) w— -« 2[1—expEk A, , )]
2G
o ( jZ,;[ A, V25005, ]

{[By J2(rB) [0, cos( @, 2) + W, sin( a,,z) + 23, cosh( f,2) + (L + f,)sinh( S, 2)]
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+Jo(B, )z B2 cosh(B,2) +(2a2 + B2)x[O,, cos(a,,z)—W,, sin(a,,z)]

+ B2 (1+ f3, +4v)sinh( 8,2) ]} 07
1+0v = - mn 1 exp( kA )]

.. =2G
(—0]2 Z( A, N2b7005,) }

<{[Br I (rB)I0O,, cos(a,z) =W, sin(a,,z)] + Jo(rB,) -2z, cosh( S,2)]

+(2ap + B0y co8(ayz) —W,, sin(a,,z)]
~282(5+ f3, —4v)sinh(f,2)} 98)

1+v N mnl exp(kA )]
‘2G[ )%ZZ{ TSIACA) J

n=l m=l

x{~2 B, J,(rB,)a, W, cos(a,z)+a, O, sin(a,z)+ B,(B, +2v)cosh( B,z)

+z 3 sinh(B3,2)]} ©09)
10. SPECIAL CASE
Set f(r,t)y=r(1—¢”* )eh , g(rt)=r(l—e" )e’h , (1, 2,t) =0(r—15)0(z—2z,)o(t —ty) (10.1)

11. NUMERICAL RESULTS, DISCUSSION AND REMARKS

To interpret the numerical computations, we consider material properties of Aluminum metal, which can be commonly
used in both, wrought and cast forms. The low density of aluminum results in its extensive use in the aerospace industry,
and in other transportation fields. Its resistance to corrosion leads to its use in food and chemical handling (cookware,
pressure vessels, etc.) and to architectural uses.

Modulus of Elasticity, £ (dynes/cm?) 6.9 x 10"
Shear modulus, G (dynes/cm’) 2.7 x 10"
Poisson ratio, v 0.281
Thermal expansion coefficient, @;,(cm/cm-"C) 255 x 10
Thermal diffusivity, x (cm*/sec) 0.86
Thermal conductivity, A (cal-cm/’C/sec/ cm?) 0.48
Outer radius, a (cm) 10
Inner radius, b (cm) 9
Thickness, & (cm) 1.5

Table 1: Material properties and parameters used in this study.
Property values are nominal.

In the foregoing analysis are performed by setting the radiation coefficients constants, k;, =1=+%,, so as to obtain

considerable mathematical simplicities. The derived numerical results from equation (8.3) to (9.9) have been illustrated
graphically.
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12. CONCLUSION

In both the problems, the temperature distributions, unknown temperature gradient, displacement and stress functions on
r = a of a circular plate have been investigated where internal heat source function is (¥ — 1y)0(z — 25 )O (£ — t) .

The results have been obtained in terms of Bessel’s function in the form of infinite series. The expressions that are obtained
can be applied to the design of useful structures or machines in engineering applications. Any particular case of special
interest can be assigned to the parameters and functions in the equations.
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