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Abstract

The aim of this paper is to study thermal stresses of a circular cylinder, in which boundary conditions are of
radiation type. We apply integral transform techniques and obtained the solution of the problem. Numerical
calculations are carried out for a particular case and results are depicted graphically.

Key Words: Thermoelastic response, Circular cylinder, integral transform, thermal stress
1. INTRODUCTION

Deshmukh et al. [1] have studied quasi — static thermal stresses in a thick circular plate. Kamdi et al. [2] have
discussed Transient thermoelastic problem for a circular solid cylinder with radiation. Nowacki [3] has studied
The state of stress in a thick circular plate due to temperature field. Roy Choudhary [6] has derived quasi —
static thermal deflection of a thin clamped circular plate due to ramp type heating of a concentric circular region
of the upper face. Wankhede [7] has discussed the quasi — static thermal stresses in a circular plate.
Khobragade et al. [8] have studied Transient thermoelastic problem of semi-Infinite circular beam with internal
heat sources.Meshram et al. [9] have discussed steady state thermoelastic problems of semi-Infinite hollow
cylinder on outer curved surface.

This paper is concerned with the transient thermoelastic problem of a solid cylinder occupying the space
0 <r < a, -h<z<h withradiation type boundary conditions.

2. STATEMENT OF THE PROBLEM

Consider a circular solid cylinder occupying the space D={x,2)eR ;0<(’+)") > <a;—h < z < h} where
;= (xz " y2)1/2
conduction with internal heat source and the prescribed boundary conditions of the radiation type are considered. The
equation for heat conduction is [4]

2
k[li( G_Tj_'_a T}+;((r,z,t)=a—T 2.1

. The material is isotropic homogeneous and all properties are assumed to be constant. Heat

r
r or or 0z* ot

where k is the thermal diffusivity of the material of the cylinder (which is assumed to be constant).

Subject to the initial and boundary condition

M, (T,1,0,0)=0,foral 0<r<a,-h<z<h (2.2)
M (T,1,0,a)=0, forall —=h<z<h,t>0 (2.3)
MZ(Talaklah):[_%J f(l”,t), forallOSI”Sa, Z>O (24)
M_(T,1,ky —h)y=g(r,t) foral 0 <r<a, t>0 2.5)

The most general expression for these conditions can be given by

M (f. k. k, 8 =kf+kf),
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where the prime (A) denotes differentiation with respect to V5 k and k are radiation constants on the upper and
lower surface of cylinder respectively.

The Navier’s equations without the body forces for axisymmetric two dimensional thermoelastic problem can be expressed

as [3]
. 1 0de 2(1+v)
vy, -4 =- “ -0
o P 1-2vor 1-2v “ or (2.6)
1 2(1
V2u Oe _2(1+v) =0 2.7)

© 1-2voz 1-2v 62
where U, and U, are the displacement components in the radial and axial directions respectively and the dilation € as

Ou, u, Ou,

7

or r 0z

The displacement functions in the cylindrical coordinate system are represented by the Goodier’s thermoelastic

e= (2.8)

displacement potential #(7,Z2,7) and Love’s function L as [4]

o 0L
u,=—- (2.9)
or 0roz
0 82L
u, = 6¢ +2(1- )V L- (2.10)
in which Goodier’s thermoelastic potential must satisfy the equation
I+v
\Y a,T
2= (1 Vj ; @2.11)
and the Love’s function L must satisfy the equation
V*(V’L)=0 2.12)
where
2
v2_Ltof, o4,
r or\ or 022

The component of the stresses are represented by the use of the potential ¢ and Love’s function L as [4]

~ 0’9 o’L
, =2G {[a C -V ¢J [ — j} 2.13)
” :2(;{(1 9 e j 0 ( L_laLj} (2.14)
r or 0z r or

2 2
.26 28] 2 @nvie- 24| @19
2 2
O'rZZZG{ o¢ jui[(l—v)sz—a SJ} (2.16)
oroz or 0z

whereG and v are the shear modulus and Poisson’s ratio respectively.
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The boundary conditions on the traction free surface of a solid cylinder are
o,=0,=0at r=a (2.17)

Equations (2.1) to (2.17) constitute the mathematical formulation of the problem under consideration.

4

Zh

TN
|
e

0 * r

Figure shows the geometry of the problem
3. SOLUTION OF THE PROBLEM
Applying finite Hankel transform as [5] to the equations (2.4), (2.5) and (2.7) and using equation (2.6), one obtains

2 *
k{—éﬁT*(fn,z,m%} RG]

o (3.1

M (T",1,0,0)=0 (3.2)
* [ & ¥
M (T ), ky, h)= 2 f (3.3)
Mz(T*ala k29_h) = g* (34)
where the symbol (*) means a function in the transformed domain and the nucleus for the finite Hankel transform defined
by
V2 (o)
Ky(S, )= [ olé J (3.5)
Sn J0(S,4)

The eigen values é: , are the positive roots of the characteristic equation

Jo(£,a)=0 (3.6)

andJ , (x) is the Bessel’s function of the first kind of order n.

Further applying finite Marchi-Fasulo transform to the equation (3.1) and using equations (3.3), (3.4), one obtains

_ g27* Pm(h) & '*_Pm(_h) | 25 _*:df* (fn’m’t)
kl: Sil (§n>m’t)+|: K, (ﬂjf T g} Hn T (fn,m,f)}JfZ It 3.7

M, (T",1,0,0)=0 (3.8)

Volume 8, Issue X1, DECEMBER/2018 Page No:6014



International Journal of Management, Technology And Engineering

ISSN NO : 2249-7455

where 7 ° is the transformed function of 7 and m is the transformed parameter. The symbol (-) means a function of the

transformed domain and the nucleus is given by the orthogonal functions in the interval — 4 < z < /i as

P,(2)=0, cos(u,z) ~ W, sin( 4,2)
In which

Qm = /um (kl + kZ) COS(/Jmh)
W = 2COS(/lmh) + (kZ _kl) /’lm Sln(/’lmh)

m

2 _ [ po sy SCH) e
By = [P de = hiQ} + w1+ S0, -
n H

m

The eigen values ¢, are the positive roots of the characteristic equation
[ k,a cos(ah) +sin(ah)][cos(ah) + k,asin(ah)]
=[k,acos(ah)—sin(ah)][cos(ah) — k,a sin(ah)]

After performing calculations on the equation (3.7), the reduction is made to linear first order differential equation as

D oy, T =0, 1)
dt ’
where
A, =ty +E
and
~ Pm(h) & *_Pm(—h) * —*
Q(gnnum)_k|:|: kl [ﬂ, \Jf k2 £ :|+l :|

The transformed temperature solution of differential equation (3.9) is

77* — Q(gnﬁ :um)
(k Ay ,t)

_(k Am,nt)

[1- ]

Applying the inversion theorems of transformation rules to the equation (3.12), one obtains

T(r,z0)= Y > W, [1-exp(k A, D] xP,(2) Ky (&, r)

n=l m=1
where
_ Q(m,n)
kA0 A,

(3.9)

(3.10)

(.11)

(3.12)

(3.13)

(3.14)

Equation (3.13) represents the temperature at any instant and at all points of a circular cylinder when there are radiation

type boundary conditions.

15. THERMOELASTIC DISPLACEMENT

Referring to the fundamental equation (2.1) and its solution (3.13) for the heat conduction problem, the solution for the
displacement functions are represented by Goodier’s thermoelastic potential ¢ governed by the equation (2.11) as
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I+v N
p(r,z,1) = —( s 2 2 A Almexp (h Ay D] x By (2) Ko(E,r) (4.1
Similarly the solutions for Love’s function L are assumed so as to satisfy the governed condition of equation (2.12) as

L(r,z,t)= GH}Jatii 2 X[l —exp (=k A, ,0)]

n 1 m,n

><[AnJO (gnr) + Cn (gnr) Jl(gnr)] x [COS h(énz)] (42)
Using (4.1) and (4.2) in (2.9) and (2.10), one obtains

1+v 2 &
(e TS
x { [&,sin h(&,2)][A, (=) (E,r) +CL (7)o (E,7)] -

1+v > &Y,
u, = a, A — X[l—exp(-k A, ,0)]

n=1 m=1 m,n

= x[1—exp (-k A, ,1)]

m,n

V2 5

7 Jo(E.a) F,(2) (4.3)

[;um[Qm Sil'l (lumZ) + Wm COS( ﬂmz)] KO(gn’r) + [Ané:r?JO(gnr)] [COS h (énz)]

= C,& [41= V) (&,r) = (§,r) J1(&,m)]x [cos h(&,z2)] (4.4)

Then the stress components can be evaluated by substituting the values of thermoelastic displacement potential ¢ from
equation (4.1) and Love’s function L from equation (4.2) in equations (2.13) to (2.16), one obtain

o0 o0 \P
o, = —2(?(1 - Vj @, 3> —mm [l —exp (~k A,y )]
m=1
2
2 2 g2
X [(lum +2§n ) JO (fni") fn Jl (gnr)]|:a é‘nJO(fna) Pm(Z)
= A,E21E,T(E) = T (E,0]IE, sin h(E,2)]+ C,EQ2v 1) (£,r)
&, (€IS, sinh (6,2)] (4.5)

X[l —exp (—k A, )]

A
)[Ando(Er) + ETV(E, ){ o )} > (2)

4,820, Msin h(E,2) |+ CLE@y =) (€,)] [sin & (&,2)] (4.6)

x [2p —EN P, (2) Ky (&, 1) —[A2ET o (E,r) [sin h (&,2)]
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=G, &20-2) Jy(&,1) ~ (&N (ENIsink (&,2)] (47)

= —ZG(1 al vj a, ii i] = X[l —exp (—k A, ,0)]

n=1 m=1 m,n

V2 01,0

3
4 Jo(E.0) } +[4,6,J1(,)][cos h (&,2)]

[~ 100, sin (u,,z) + W, cos (41,,2)] * {

=G [6J,(&1)+20-) &, (5, )][cosh (&,2)] (4.8)
5. DETERMINATION OF UNKNOWN ARBITRARY FUNCTIONS 4, and C,
Applying boundary conditions (2.17) to the equations (4.1) and (4.2), one obtains

4,33

W2 Da'é,(B, +C,)sin h (£,2)— DyEy(B + C)cos h (£,2) P, (2)]

p o |E218, (B, + Cy) A~ (B + C) 4, ]x cos h(,z)sin h (£,2)]
c_ |D,E, AP, (z)cos h(€,2)—2a™ D, sin h(£,2)]

P 1[(5 [£,(B, + C)A—(B+C) Ay ] xcos h (&,2) sin h(E,2)]
where
4y = {% —Jo(éna)}

B, =Q2v-1)J,(S,a)
CO = (fna) JO (gna)
Dy =u, +25;-¢,

E, = {M_ ér”} ﬁ
&ndo(S,a) a

A=J(Ea) B=EJy(Ea)  C=20-v)Jy(Ea)
2

D = 4310, sin (1,2) + W, cos (1, 2)]" -

6. SPECIAL CASE AND NUMERICAL RESULTS

set f(rnt)=r(l—e )", g(r.y=r(l—e™)e™, 1(r,z,8) = —1,)(z—20)(t ~1,) (6.1)
Modules of elasticity, £ (dynes/cm?) 6.9 x 101!
Shear modulus, G (dynes/cm?) 2.7 x 101
Poisson ratio v 0.281
Thermal expansion coefficient, &, (cm/cm-°C) 25.5 x 10
Thermal diffusivity, k£ (cm?/sec) 0.86

Thermal conductivity A, (Cal —cm/ °C/sec/cm? | 0.48

Outer radius, a (cm) 5
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Height, h (cm) ‘ 100

7. CONCLUSION

The temperature distributions, displacement and stress functions at any point of a solid cylinder have been determined

where the cylinder is subjected to known heat source function(

(&)

2 f (r,z)j . The integral transform methods have been

used to obtain the solution of the problem. The results are obtained in terms of Bessel’s function in the form of infinite
series. The expressions are represented graphically.
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Figure (3) : Graph of r vs o,
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Figure (2) : Graph of r vs ur Figure (4) : Graph of r vs 6,
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