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Abstract-  This paper is concerned with steady-state thermoelastic problem in which we need to determine the
temperature distribution, displacement function and thermal stresses of a semi-infinite rectangular plate when the
boundary conditions are known. Integral transform techniques are used to obtain the solution of the problem
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1. INTRODUCTION

In 1999, Adams and Bert [1] have studied thermoelastic vibrations of a laminated rectangular plate subjected to a
thermal shock. Tanigawa and Komatsubara [2] have discussed thermal stress analysis of a rectangular plate and
its thermal stress  intensity factor for compressive stress field. Vihak et al. [3] have derived the solution of the
plane thermoelasticity problem for a rectangular ~ domain. Dange et al. [4] have studied three dimensional inverse
transient thermoelastic problem of a thin rectangular plate. Ghume and Khobragade [5] have investigated
deflection of a thick rectangular plate. Roy and Khobragade [6] have discussed transient thermoelastic problem of
an infinite rectangular slab. Lamba and Khobragade [7] have studied thermoelastic problem of a thin rectangular
plate due to partially distributed heat supply.

In 2012, Sutar and Khobragade [8] have discussed inverse thermoelastic problem of heat conduction with internal
heat generation for the rectangular plate. Khobragade et al. [9] have derived thermal deflection of a thick clamped
rectangular plate. Roy et al. [10] have studied thermal stresses of a semi infinite rectangular beam. Jadhav and
Khobragade [11] have discussed inverse thermoelastic problem of a thin finite rectangular plate due to internal heat
source. Singru and Khobragade [12] have studied thermal stress analysis of a thin rectangular plate with internal
heat source. Further Singru and Khobragade [13] have derived, Thermal stresses of a semi-infinite
rectangular slab with internal heat generation.

In this paper, an attempt has been made to solve two inverse steady-state problems of thermoelasticity.

In the first problem, an attempt has been made to determine the temperature distribution, unknown temperature
gradient, displacement function and thermal stresses on the edge x = a of semi-infinite rectangular plate occupying
the space D: 0 < x < ¢, 0 <y < 00 with the boundary conditions that the heat flux is maintained at zero on the edges
y =0, 00 and temperature is maintained at zero on the edge x = o of semi-infinite rectangular plate.

In the second problem, an attempt has been made to determine the temperature distribution, unknown temperature
gradient, displacement function and thermal stress on the edge x = a of semi-infinite rectangular plate occupying the
space D: 0 < x < a, 0 <y < o with the boundary conditions that the heat flux is maintained at zero on the edges y =
0, o of semi-infinite rectangular plate and on the edge x = o, the temperature is maintained at h(y), which is a
known function of'y .

2. STATEMENT OF THE PROBLEM-I

Consider semi-infinite rectangular plate occupying the space D : 0 < x < a, 0 <y <o0o. The displacement
components u, and u, in the x and y- direction represented in the integral form as [2] are

1(e*U U
=j E{@}T—vy}roﬁ dx 2.1)
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where v and a are the Poisson’s ratio and the linear coefficient of thermal expansion of the material of the plate
respectively and U(x,y) is the Airy’s stress function which satisfy the following relation:

o* 0 * o
—2+—2 U:—O!E —2"1‘—2 T (23)
ox~ Oy ox~ Oy
where E is the Young’s modulus of elasticity and T is the temperature of the plate satisfying the differential
equation
T T _
e T 24
ot oy? 2.4)
subject to the boundary conditions
70,y)=0 (2.5)
T(a,y)=g(y) (unknown) (2.6)
[—dT () )} =0 2.7)
dy =0
[—dT () )} =0 (2.8)
dy oo

The interior condition is

T, »)=/(»),0<&<a (known) (29

The stress components in terms of U are given by

_ U

O sy P (2.10)
_2%U

Oy =52 (2.11)
__ U

Oy = oxoy (2.12)

Equations (2.1) to (2.12) constitute the mathematical formulation of the problem under consideration.
3. SOLUTION OF THE PROBLEM

Applying Fourier cosine transform to the equations (2.4), (2.5), (2.6) and (2.9) and using the conditions (2.7), (2.8)
one obtains

.
d°T =

= pTe=0 6.
dx
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where p* = m? 72 (3.2)
Tc(0,m)=0 (3.3)
Tc(a,m)=gq(m) (3.4)
Te(&m) = fo(m) (3.5)

where T ¢ denotes Fourier cosine transform of T and m is cosine transform parameter.

Equation (3.1) is a second order differential equation whose solution gives
Te (x,m)= Ae"™ + Be ™ (3.6)
where A, B are arbitrary constants.

Using (3.3) and (3.5) in (3.6) one obtains
A+B=0 3.7

AePs + Be ™" = f (m) (3.8)

Solving (3.7) and (3.8) one obtains

fom) o S

A =—2c 7 e v
ePs _ePs P _oPS

Substituting the values of A and B in (3.6) one obtains

sinh( px)
Te
(x,m)= f .(m )S nh(pE) (3.9)
Using the condition (3.4) to the solution (3.9) one obtains
sinh( pa)
g (m)=f (m)——— 3.10
sinh(p¢) 10

Applying inverse Fourier cosine transform to the equations (3.9)and (3.10) one obtain the expression for temperature
distribution T(x,y) and unknown temperature gradient g(y) as

T(x,y)=— Zf (M)COSpy{Sm}}ll((llj?) (3.11)
m 1
g(y)——Zf (m)COSpy[Smﬂg 2 (3.12)

where /f,(m) = _[f (y)cos pydy

Substituting the value of T(x,y) from (3.11) in (2.1) one obtains the expression for Airy’s stress function U(x,y) as
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E ~— inh
U (x,y)=—%2f c(m)coszvy{:;lnh—gg} (3.13)

4. DETERMINATION OF THERMOELASTIC DISPLACEMENT

Substituting the value of U(x,y) from (3.13) in (2.1) and (2.2) one obtains the thermoelastic displacement functions
u, and uy as

m=1

a(2 +v) cosh(px)
= 4.1
“=| };fc("ﬂ py[ (o 5)} (1)
av) s1nh(px)}
= (m)sinh(py) 42
”y_w}mz}fcm (p{h(pf) “2)
5. DETERMINATION OF STRESS FUNCTIONS
Using (3.13) in (2.10) , (2.11) and (2.12) the stress functions are obtained as
inh(px)
5.1
[ jZf (m)OPy{ h(pﬁ):| (5.1
sinh(px)
5.2
( ]Zlf e { h(pg“)} e

cosh(px)
[ jZf (m)sin p){smh(p@} (5.3)

6. SPECIAL CASE

2
set f()=e V& (6.1)
Applying finite Fourier cosine transform to the equation (6.1) one obtains
)
_ ° 3 5\/;6 pil4
fe(m)= Ie Y gcos(pyldy T ) (6.2)

0

Substituting the value of 7 B (m) from (6.2) in the equations (3.11) and (3.12) one obtains

(& N sinh(px)
T (x,y)—(2 \/;szle g COSpyLinh(p 5)} (6.3)
(&N pra sinh(pa)
g(y) _[2\/;}3:16 COSpyLinh(pf)} 6.4)

Volume 8, Issue XII, DECEMBER/2018 Page No0:6224



International Journal of Management, Technology And Engineering

Volume 8, Issue XII, DECEMBER/2018

7. NUMERICAL RESULT

Set ﬂzi ,t=3.14,a=2m, £=1.5 min equation (6.4) to obtain
VA

W

80 _ Zapz 4 cos(1.57my){w} (7.1)
m=l1

o) sinh(1.36m)
8. STATEMENT OF THE PROBLEM-II

Consider semi-infinite rectangular plate occupying the space D : 0 < x < g, 0 <y < 00 . The displacement
components U, and u, in the x and y- direction represented in the integral form as [2] are

i 2 2

u, = LY OY s ar fax @®.1)
_E oy ox
i 2 2

u, = J' %(%—viy—?}+oﬁ1dy (82)

where v and o are the Poisson’s ratio and the linear coefficient of thermal expansion of the material of the plate
respectively and U(x,y) is the Airy’s stress function which satisfy the following relation

2 2 \? 2 2
A T A (8.3)
ox~ Oy ox~ Oy

where E is the Young’s modulus of elasticity and T is the temperature of the plate satisfying the differential equation

o’T  oT
ox oy

subject to the boundary conditions

T0,y)=h(y) (8.5)

T(a,y)=g(y) (unknown) (8.6)

[M} -0 (8.7)
dy =0

dT(x,y)

il S EoA =0 8.8

[ dy Lw &9

The interior condition is

T(&,y)=f(»), 0<&<a (known) (8.9)

The stress components in terms of U are given by
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_oU

Oxx = »? (8.10)
_ U

Oy = 02 (8.11)
__dU

Oxy = ooy (8.12)

Equations (8.1) to (8.12) constitute the mathematical formulation of the problem under consideration.
9. SOLUTION OF THE PROBLEM
Applying Fourier cosine transform to the equations (8.4), (8.5) (8.6) and (8.9) and using (8.7), (8.8) one obtains

d;xgc —p2fc =0 (9.1)
where p? = m2z? 9.2)
Te(0.m) =" ,(m) 9.3)
Te(a,m)=g (m) (9.4)
Te(E.m) = fo(m) (9.5)

where T ¢ denotes Fourier cosine transform of T and m
is cosine transform parameter.

The equation (9.1) is a second order differential equation whose solution gives

Te (x,m)= AeP" + Be P (9.6)
where A, B are arbitrary constants.

Using (9.3) and (9.5) in (9.6) one obtains

A+B=h (m) (9.7)

Ae” +Be P = £ (m) (9.8)
Solving (9.7) and (9.8) one obtains

?C(m) B Zc(m)e_p§ B 7C(m) N ;zc(m)ep‘*'t

4 = Y R e X

ep§ _e—p§ ep§ _e—p§

E

Substituting the values of A and B in (9.6) one obtains

Te(x,m)=f .(m) sinh(pZ) he(m) sinh(p¢)

Using the condition (9.4) to the solution (9.9) one obtains

(9.9)
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sinh( pa) e(m) sinh(p(a —¢)) (9.10)

sinh(p¢) sinh(p¢)

Applying inverse Fourier cosine transform to the equations (9.9) and (9.10) one obtain the expression for
temperature distribution T(x,y) and the unknown temperature gradient g(y) as

g.(m)=f (m)=——==

1IN sinh( px) | 1 < inh( p(x — &))

T(x,y)= - mEZIf . (m)cos py{—sinh( pf)i| - E . (m)cos py[—sinh( 20 } 9.11)
R e sinh( pa) | 107 sinh( p(a — &))

gly)= - m§=1f . (m)cos py[—sinh( pf)i| - ;:1 h . (m)cos py{—sinh( 25 } (9.12)

where f,(m) = [ f(y)sin pydy

he(m) = [ h(y)sin pydy

Substituting the value of T(x,y) from (9.11) in (8.3) one obtains the expression for Airy’s stress function U(X,y) as

__aF —— sinh( px) sinh(p(x —&))
Uwn==3 ;fc(m)COSpy{ e 5)} - Zh <m>cospy[—smh(p 5 } ©.13)

10. DETERMINATION OF THERMOELASTIC DISPLACEMENT

m=1

Substituting the value of U(x,y) from (9.13) in (8.1) and (8.2) one obtains the thermoelastic displacement functions
uy and uy as

‘= [20{(2 +v) }i? ) (m){ .sin py }[ cosh(pa)—1] {20:(2 +v)}i;l ) (m){ .sinpy coshp(a —@)—cosh(pg)}
z m=1 - m=1

sinh(p¢&) m Vs sinhpé) m
(10.1)
_ 202+v) o= sinh(px) cos(pa)—l_ ~ 2a(2+v)} = — sinh(p(x —&)) |:cos(pa)—1j|
%y [ T Lzz;f C(m)[sinh(pf)}[ m | { r mz_;hc(m)[ sinh(p&) } m
(10.2)
11. DETERMINATION OF STRESS FUNCTIONS
Using (9.13) in (8.10), (8.11) and (8.12) the stress functions are obtained as
ak (px) | (eE\N 7 sinh(p(x — &)
( JZf (m)co py[ nh(pf)} ( - J;h ¢ (m)cos py[ Sinh( p2) } (11.1)
sinh(px) | (¢E N7 sinh(p(x — &)
Oy = [ jZf (m)COSPy[ h(pé)} [ . j%h c(m)COSpy{ Sinh(p2) } (11.2)
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Oy = (%);7 s (m)cos py { S}}: ((52} (ijgz s (m)cos py[—cosgiﬁ;;)@)} (11.3)
12. SPECIAL CASE

Set f(y)ze_yzef, h(y):e_y2 (12.1)
Applying Fourier cosine transform to the equation (12.1) one obtains

_ 2 _ 2 Jre? T4

fc(m)zje Y eécospydy = f (12.2)

2 \/;e—pz/4

Zc(m)zje_y cospydy =| "5 (12.3)

Substituting the values of 7 ,(m) and h ,(m) from (12.2) and (12.3) in the equations (9.11) and (9.12) one

obtains
§ o0 . .

T(x,p) = 5= €714 cos py| S0P P13 o py] STHPG = )

(N =3 2" sy Linh(pé) 2J_ Ze sinh( p2) (124

5 o0 .
_ e P4 sinh( pa) P24 sinh(p(a - &)
g(»y) _2\/;%6 COSpyLinh(pf)} 2\/_26 cos py| —————= sinh( p2) (12.5)
13. NUMERICAL RESULT
Set ﬂz; ,m=3.14,a=2m, £ =1.5 m in the equation (12.5) to obtain
W

g(y) < sinh(3.14m) | ;5. | sinh(0.79m)

B ;Cos(l'smy){[ sinh(l.36m)}(e ) Linh(l.%m)} (13.1)

14 MATERIAL PROPERTIES

The numerical calculations has been carried out for an aluminum (pure) semi-infinite rectangular plate with the
material properties as,

Density p =169 Ib/ft’

Specific heat = 0.208 Btu/IbOF

Thermal conductivity K = 117Btu/(hr. ftOF)
Thermal diffusivity o = 3.33 ft*/hr.

Poisson ratio v = 0.35

Coefficient of linear thermal expansion o, = 12.84 x 10°1/F
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Lame constant p =26.67

Young’s modulus of elasticity E = 70G Pa

15. DIMENSIONS

The constants associated with the numerical calculation are taken as
Width of rectangular plate @ = 2m

Length of rectangular plate b= 10"m

T y=2 0T
1.5
v=1

401 =03

301+

Temperature (T)
Airy’s stress function (U)

30 -0
S0+
=2
u =1 5
E 40 ¥ I--' E
o v=1 £
O v—=0)_5 _g
g 30 g
= .
2 &
: g
Q
.g 10 &
) 7
2
0 0.4 0.8 1.2 1.6 20
x
X

Graph 2: Unknown Temperature versus x
Graph 4: Displacement component versus x
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Q
5]
[}
=
A
a
2.I0
X
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Graph 5: Displacement component versus X Graph 8: Stress function versus x
50 7 T =2
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o = 401
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Graph 6: Displacement component versus x Graph 9: Stress function versus x
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= 10 4
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4

Graph 7: Stress function versus x
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16 DISCUSSION

Graph 1 shows that as the length of rectangular plate (x) increases, the temperature increases gradually for different
values of y. Graph 2 shows that as length of rectangular plate (x) increase, unknown temperature also increases and
then becomes constant. Graph 3 shows that as length of rectangular plate (x) increase, Airy’s stress Function also
increases up to certain values of x and then becomes stable.

Graph 4 shows that displacement function (U,) increase as length of rectangular plate(x) increase at particular value
of y. Graph 5 shows that displacement function (Uy) increase as length of rectangular plate (x) increase at particular
value of y. Graph 6 shows that displacement function(U,) increase as length of rectangular plate (x) increase at
particular value of y.

Graph 7 shows that thermal stress ( Oy, )increase as length of rectangular plate (x) increase at particular value of y.
Graph 8 shows that thermal stress ( O yy, )increase as length of rectangular plate (x) increase at particular value of'y.

Graph 9 shows that thermal stress ( O ,, )increase as length of rectangular plate (x) increase at particular value of'y.

17. CONCLUSION
e Two inverse steady state thermoelastic problems of semi-infinite rectangular plate have been discussed.

e The temperature distribution, unknown temperature gradient, displacement and thermal stresses have been
investigated with the help of integral transform techniques.

e Infinite series solutions are obtained in the form of bessel’s function.

e The solutions that are obtained can be applied to the design of useful structures or machines in engineering
applications.

e Numerical calculations have been carried out and depicted graphically.

e Any particular case of special interest can be derived by assigning suitable values to the parameters and
functions in the expressions.
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