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1. INTRODUCTION AND PRELIMINARIES

In literature, the notions of tripled fixed points has been introduced by Berinde and Borcut [1] in 2011.
Also, proved tripled fixed point theorems for contractive type mappings having mixed monotone property in
partially ordered metric spaces. Furthermore, Borcut et al. [2] and Borcut [3] have introduced the concept of a
tripled coincidence point for a pair of nonlinear contractive mappings. Subsequently, Karapinar [4], H. Aydi et
al. [5] and K.P.R.Rao et al. ([6]-[8]) has proved some new tripled fixed point theorems. After that, Borcut et al.
[9], have presented new results of the existence and uniqueness of tripled fixed point for nonlinear mappings in
partially ordered complete metric spaces that extend the results in the previous works. On the other hand, Aydi
et al. [10] have studied common tripled fixed point theorem for W-compatible mappings in abstract metric
spaces and Murthy and Rashmi [11] have studied common tripled fixed point theorem for w-compatible
mappings in ordered cone metric spaces. Very recently, Abusalim and Noorani [12] have established some new
tripled coincidence point and common tripled fixed point theorems in cone metric spaces.

The notion of metric spaces has many generalizations in literature. One of the most recent of them is
Bipolar metric space which is initiated by Mutlu and Giirdal [13] in 2016. Also they investigated some fixed
point and coupled fixed point results on this spaces (see [13], [14]). Later, we proved some fixed point theorems
in our earlier papers ([15]-[18]).

In this paper, we extend certain tripled fixed point theorem which can be considered as generalizations
of literature to bipolar metric spaces. Also, we obtain some result which is related to these theorems. Finally,
we give an example which presents the applicability of our obtained result.

Definition 1.1: ([13]) Let A, B be two non-empty sets. Suppose that d: AXB — [0, ) be a mapping satisfying
the below properties:

(By) Ifd(a, b)=0,ifand only if a=b for all (a, b) € AXB,
(By) Ifd (a, b)=d (b, a), for all a, b € ANB
(B3) Ifd(al, bz) < d(al’ bl) + d(az i bl) + d(az, bz) for all a;, a, EA, and bl’ b2 €B.

Then the mapping d is termed as Bipolar-metric of the pair (A, B) and the triple (A, B, d) is termed as Bipolar-
metric space.

Definition 1.2: ([13]) Assume (A; ,B; ) and (4,, B,) as two pairs of sets and a function as F: A; UB; — A4, U
B, is said to be a covariant map. If F (4,)€ A, and F (B;)E B,, and denote this with F: (4,, B,) 3 (4,, B,,).
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And the mapping F: A; U B; — A, U B, is said to be a contravariant map. If F (4;) € B,, and F (B,)< A4,, and
write F: (4;, B;) 2 (4,, B,). In particular, if d,; and d, are bipolar metric on (4,, B;) and (4,, B,)
respectively, we sometimes use the notation F: (4,, B;,d; ) 3 (4,, By, d,) and F: (44, By,dy) 2 (4;, By, d,).

Definition 1.3: ([13]) Assume (A, B, d) as a bipolar metric space. A point v EA UB is termed as a left point if v
€ A, aright point if v € B and a central point if both. Similarly, a sequence {a,} on the set A and a sequence
{b,} on the set B are called a left sequence and right sequence respectively. In a bipolar metric space, sequence
is the simple term for a left or right sequence. A sequence {1, } is considered convergent to a point v, if and only
if {v,} 1is the left sequence, v is the right point and rll_i)ogrd(vn, v) =0; or {v,} is a right sequence, Vv is a left
point and rlliogrd(v, v,) = 0. A bi-sequence ({a,}, {b,}) on (A, B, d) is a sequence on the set A XB. If the

sequence {a,} and {b,} are convergent, then the bi-sequence ({a,}, {b,}) is said to be convergent. ({a,},
{b,}) is Cauchy sequence, if |l i md(a,, b,) = 0. In a bipolar metric space, every convergent Cauchy bi-
n—-oo

sequence is bi-convergent. A bipolar metric space is called complete, if every Cauchy bi-sequence is convergent
hence bi-convergent.

Definition 1.4: ([13]) Let (A,, By, d, ) and (A,, By, d,) be bipolar metric spaces.

(1) Amap F: (41, By,d;) 3 (4;, B,, d,) is called left-continuous at a point a, € A, if for every €>0, there is
a 6>0 such that d;(ay, b)< § implies that d,(F(a,), F(b))< € for all b€ B;.

(i) A map F: (44, By, dy) 3 (A,, B,, d,) is called right-continuous at a point by € By, if for every >0, there is
a 6>0 such that d;(a, by)< 6 implies d,(F(a), F( by))< € for all a € 4;.

(iii) A map F is considered continuous, if it left continuous at each point a€ A;and righty continuous at each
point b€ B;.

(iv) A contravariant map F: (4, By,d; ) 2 (4,,B,, d,) is continuous if and only if F: (4, By,d; ) 3 (4,,
B,, d,) itis continuous as a covariant map.

It is observed from the definition (1.3) that a contravariant or a covariant map F from(4;, By,d; ) to (4,,
B,,d,) is continuous if and only if (u,)— v on (4, By,d; ) implies F((u,)) =>F(v) on (4,, B,, d,).

Definition 1.5: ([14]) Let (A, B, d) be a complete bipolar metric space, S: (A%,B>)=3 (A,B) be a covariant
mapping. If S(a, b) = a and S(b, a) =b for (a, b)eA> U B? then (a, b) is called a coupled fixed point of S.

2. RESULTS AND DISCUSSION

In this section, we give some tripled fixed point theorems for covariant mapping satisfying various
contractive conditions in bipolar metric spaces.

Definition 2.1: Let (A, B, d) be a complete bipolar metric space, S: (A%,B*)3 (A,B) be a covariant mapping. If
S(a, b, c)=a, S(b,c,a)=band S(c, a, b)=c for (a, b, c)eA’ U B* then (a, b, ¢) is called a tripled fixed point of
S.

Theorem 2.2: Let (A, B, d) be a complete bipolar metric spaces, suppose that S: (A%,B*) 3 (A,B) be a covariant
mapping satisfies

(2.2.1) d(S(a, b, ¢), S(u, v, w)) <id(a, u)+jd(b, v)tkd(c, w) for all a, b, ¢ €A and u, v, w €B, where i, j, k €[0,1)
with i+j+k <h <1 then the mapping S: A3 U B*> — AUB has a unique fixed point of the form (a, a, a).

Proof: Let ao, bo, co €A and uo, vo, Wo €B and we construct the bisequence ({an},{un}), ({bn},{Vn}), ({Ca},{Wn})
in (A,B) as

S(an, bn, Cn):an+1 ) S(bn, Cn, an):bnﬂ, S(Cn, an, bn):Cn+l
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S(un, Vn, Wn)=Un+1, S(Vn, Wi, Un)=Vn+1,
Forn=0, 1, 2, 3,........
Now from (2.2.1), we have
d(an, un+1)=d(S(an-1,bn-1,n-1),S(Un ,Va, Wn)
< id(an-1,un)+jd(bn-1,vn)+kd(Cn-1,Wn)
and
d(bn, Vo+1)=d(S(bn-1, Cn-1, an-1),S(Vn , Wn, Un)
< id(bn-1, Va)+Hjd(ca-1, Wa)tkd(an-1, ug)
and
d(cn, War1)=d(S(cn-1, an-1, bn-1),S(Wn , Un, Vn)

<id(cn-1, W) +jd(an-1, Un)+kd(bp-1,vn)

for all n € N and i+j+k < h<l. Let ko= d(an,un+1)+ d(bn,vas1)+ d(Co,Wn1).

For neN. Combining (2.1), (2.2)and(2.3), we observe that

kn = d(an, un+1)+ d(ba, va+1)+ d(Cn, Wn+1)

< (i+j+k)(d(an-1, un)+d(bn-1, vn)+d(cn-1, Wn))
< hkyy
then we get,
0<kn<hkni<h’kn2 < corverrrreenene. < hvk

On the other hand
d( an+1, un) = d(S(an, bn, n),S(Un-1, Va1, Wn-1))
< 1id(an, Up-1)+jd(bn, Va-1)+kd(Cn, Wn-1)
and
d( ba+1, Vi) = d(S(bn, Cns an),S(Vn-1,Wn-1,Un-1))
< id(bn, Va-1)1Hjd(Cn, Wn-1)+kd(an, Un-1)
and
d( cur1, Wa) = d(S(cn, an, bn),S(Wa.1, Un-1, Va1))
< id(cn, Wa-1)+jd(an, tn-1)+kd(bn, va-1)
for all neN and i+j+k <h<l. Let o= d(an+1, un)+d(bat1, va)+d(Cat1, Wn)
for neN. Combining (2.5),(2.6) and (2.7) we observe that

A= d(an+1, lln)+d(bn+1, Vn)+d(cn+15 Wn)

Volume IX, Issue I, JANUARY/2019

ISSN NO : 2249-7455

S(Wn, Un Va)=Wn+1

@.1)

2.2)

2.3)

24

(2.5)

(2.6)

2.7)

Page No: 717



International Journal of Management, Technology And Engineering

< (i+H+Kk)( d(an, un-1)+d(bn, Va-1)+d(cn, Wn.1))
S h)\an»l

then we get,

Moreover,
d(an, un) = d(S(an-1, ba-1, €n-1), S(Un-1, Va1, Wa-1))
< id(an-1, Up-1)+ jd(bn-1, va-1)+kd(cn-1, Wn.1)
and
d(bn, vn) = d(S(bn-1, cn-1, @n-1), S(Vn-1, Wn-1, an-1))
< id(ba-1, Va-1)+ jd(Co-1, Wn-1)Tkd(an-1, Un-1)
and
d(cn, wn) = d(S(Cn-15 an-1, bn-1), S(Wn-1, Un-1, Vn-1))
< id(Cn-1, Wn-1)+ jd(an-1, Un-1)Tkd(bn-1, Va-1)
For all neN and i+j+k <h<1. Let w, = d(as, un)+d(bn, vn)+d(cn, Wn)
For neN. Combining (2.9),(2.10)and (2.11), we observe that
Un = d(an, Un)+d(bn, va)+d(cn, Wn)
< (itj+k)( d(an-1, un-1)+ d(bn-1, va-1)+d(cn-1, Wn-1))
<hpn
Then we get,
0 < P B h? Paoecceeceeeees <h" po.

Using the property (Bs), we get

d(an, um) < d(an, unt1)+d(@nt1, Une1)Feeereeeneeeeceeen, +d(am-1, Um)

d(bn, Vi) < d(bn, Var1)Fd(bnt1, Vart) e +d(bm-1, Vim)

d(cn, Wim) < d(Cn, Wat1)Td(Catt, Wat1)Feeerereereiererereanen +d(Cm-1, Wim)
and

d(am, un) < d(@m, Um-)+d(@m1, Umo) T +d(an+1, un)

d(bim, Vo) < (b, Vin1)FA(Bmet, V1) Feveeeeeereeeeeree +d(bnr1, Vn)

d(Coms Wa) < d(Cmy Wine1)FA(Conety Wine1)Foereeeeereeerereereeee +d(Cnr1, W)

for each n, m € N, n<m. Then from (2.4), (2.8), (2.12), (2.13) and (2.14)
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d(an, um)+ d(bs, Vm)+ d(cn, Wm)
< (d(an, un+1)+ d(bs, Va+1)+ d(Cn, Wn+1))
+(d(an+1, Un+1)+ d(bnet, Vor1)+ d(Cnt1, Wni1))
Frreereeeeens + (d(am-1, U m-1)+ d(bin-1, V m-1)+ d(C m-1, Win-1))

+(d(am-la Um)+ d(bm-b Vm)+ d(Cm-la Wm))

<h™h"M. +hm kg
+ (h" 24 +h™ o
hn hn+1
<1 kot o 2.15)

And
d(amaun)+ d(bmavm) + d(cma Wn) < (d(ama um»l) + d(bmy Vm»l) + d(cma Wm»l))
+( d(am»ly um-l) + d(bm-ly Vm»l) + d(Cm»l, Wm»l))
+ (d(an+1, Unt1) + d(ba+1, Var1) + d(Cot1, Wnt1))
+ (d(anﬂ, un) + d(bnﬂ, Vﬂ) + d(cﬂﬂa Wﬂ))

<h™h"M +h™ )
+ (W™ 24 +h™ g
hn hn+1
Sy T Mo (2.16)

. . . . h"o hMot+1
That is for n<m. since, for an arbitrary €>0, there exist no such that T ko +ﬁ po<e/3 and

A0 pno+1
o T
Then (an, un), (bs, vn) and (ca, Wn) are Cauchy bisquence in (A, B). Because of completeness of (A, B, d), there

exista, b, c€ A and u, v,w €B with

limy, =u linb,=v linc,=w

n—oo n—oo n—-oo

linmu,=a liny,=b linw,=c¢ (2.17)
n—oo n—oo n—-oo

then there exist n; € N with d(an, u) < ¢&/3, d(bs, v) < €/3, d(cn, W) < &/3 and d( a, u,) <e/3, d( b, vn) <€/3,
d( c, wy) <e/3 for all n>n; and £>0. Since (an, Us), (b, Vn), (Cn, Wn), are Cauchy bisequencess.
We get d(an, un) < &/3, d(by, va) < €/3, d(cn, Wn) <&/3
from (2.2.1) and (B3), we have
d(S(a,b,c), u) <d(S(a, b, ¢,), un+1) + d(an+1, Unt1) + d(an+i, u)
S d(s(a: ba C),S(U.“, Vn, Wn)) + d(anH, U—n+1)+ d(anﬂ, u)
<id(a, un)+jd(b, vo)+kd(c, wn)t+ d(ansi, Un1)t d(ans+1, 1)
<ie/3 + je/3+ ke/3+ €/3+ €/3
<he/3+2e/3<e
For each n eN and h<1. Then d(S(a, b, ¢), u)=0. Hence S(a, b, ¢) = u.

Similarly, we get S(b, ¢, a) =v and S(c, a, b)=w and S(u, v, w)=a, S(v, w, u)=b, S(w, u, v)=c.

On the other hand, from (2.17)

d(a, u)=d(1 imu,,lim, )=1 i mid(ay, u,)=0
n—oo n—oo n—oo

and

d(b, v)=d(1 inv,,inb, )=1 i md(by,, v,)=0
n—oo n—oo n—oo

and

Volume IX, Issue I, JANUARY/2019

po<e/3, from (2.15) and (2.16), we have d(an, um) + d(bs, vim) + d(cn, Wm)<€/3 for each n, m >ny,

Page No: 719



International Journal of Management, Technology And Engineering ISSN NO : 2249-7455

dte wy=d(L i, L J=1 e ).
So, a=u, b=v, c=w. therefore, (a, b, c)eA*N B is a tripled fixed point of S.
Now, to show the uniqueness, we begin by taking another tripled (a*,b",c") eAUB?.
If (a",b",c") €A’ then we get that
d(a",a) = d(S(a",b",c"), S(a, b, ¢))
<id(a" ) +d(b" by +kd(c" c)
And
d(b*,b) = d(S(b",c*,a"), S(b, c, a))
<id(b",b)+jd(c",c)+kd(a*,a)
And  d(c",c) =d(S(c",a",b"), S(c,a,b))
<id(c"c)Hd(a",a) kd(b",b)
Therefore,
d(a*,a)+d(b",b)+d(c",c) <(i+j+k)( d(a*,a)+d(b",b)+d(c*,c))
<h (d(a"2)+d(b"b)+d(c" c)) (2.18)
Since h<1, by (2.18) this means that d(a*,a)=0, d(b*,b)=0, d(c",c)=0. So, we obtain that a"=a, b*=b, c*=c.

Similarly, if (a",b",c”) € B3, we have a’™=a, b*=b, c"=c. then (a, b, ¢) is a unique tripled fixed point of S. finally,
we show that a=b=c.

d(a, b) = d(S(a, b, ¢),S(b, c, a))
<id(a, b)+jd(b, c)+kd(c, a)
Similarly, we prove that d(b, ¢) < id(a, b)+jd(b, c)+kd(c, a)
and d(c, a) < id(a, b)+jd(b, c)+kd(c, a)
Therefore,
d(a, b)+d(b, c)+d(c, a) <(i+j+k)( d(a, b)+d(b, c)+d(c, a))
which gives a=b=c. hence (a, a, a) is tripled fixed point of S.

Corollary 1: Let (A, B, d) be a complete bipolar metric spaces, suppose that S: (A%,B%) 33 (A,B) be a covariant
mapping satisfies

(1.1) d(S(a, b, ¢), S(u, v, w)) < g(d(a, u)+d(b, v)+d(c, w) ) for all a, b, ¢ €A and u, v, w €B, where h < 1. Then
the mapping S: A3 U B3> — AUB has a unique fixed point of the form (a, a, a).

Example 2.3: Let A = {U,(R)/Uy(R) is upper triangular matrices over R} and

B = {L(R)/Lh(R) is lower triangular matrices over R}.

Define d: Ax B [0, ) asd (P, Q) =X, |pi;q;] forall P=(p;) _EUnR)

mx
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and Q = (qi i)me € Lh(R). Then obviously, (A, B, d) is a bipolar metric spaces.

Let the covariant maps F: (A3, B%) 3 (A, B) be defined as S (P, Q, R) = (@)
mxm

®=(p)_ ., Q=(ai)_  R= () )€ A*UB?

mxm mxm’

Consider,

d(S(P. Q.R). S(U, Vo w) = d((FFG5) - (R )

= Ef (- ()

S%(Zf}ﬂ |pij_uij| + Xij=1 |qij_vij| + Y=t |rij_Wij|)
<=(d(SP,SU) + d(SQ SV) + d(SR SW))

Therefore, the equation (1.1) is satisfied for h= E . Then from Corollaryl, S has a unique tripled fixed point. It is

obvious that (O xms Omxm» Omxm) 18 the tripled fixed point.

Theorem 2.4: Let (A, B, d) be a complete bipolar metric space, F: (4%, B®) 3(A, B) be a covariant mapping
satisfying the following conditions

(2.4.1) d(S(a,b,c), S(u,v,w)) < Omax{d(a, u), d(b, v), d(c, w)}

where 8 € (0, 1)and a, b,c € 4, u, v, w€ B. Then the mappings S: A% U B3> -» AU B has unique tripled
fixed point.

Proof. Let ag, by, by €A and u,, vy, wy EB and we construct the bi-sequences ({a, },{u,}), ({bn},{vn}),
({cn},{wn}) in (A, B) as

S(an, bn, Cn)=an+1, S(bn, Cn, an)=bn+1, S(cn, an, bn)=Cn+1
S(Un, Vi, Wn)=Un+1, S(Va, Wn, Un)=Va+1, S(Wn, Un Vn)=Wn+1

Forn=0, 1, 2, 3,........
Now for all n€ N. Let 8 € (0, 1). From (2.4.1), we have
d(an, Un+1)=d(S(@n-1, bn-1, Cn-1), S(Un, Vn, Wy))

< Omax{d(a,_q1, uy), d(by_1, v), d(cph_1, Wy)} (2.19)
and
d(bp, Vn11)=d(S(bn-1, Cn-1, @n-1), S(Vn, W, Up))

< Omax{d(b,_1, v,), d(cph_1, Wy), d(a,_1, Uy)} (2.20)
and
d(cp, Wnt1)=d(S(Cp-1, An-1, bp—1), S(Wn, Un, V)

< Omax{ d(cy_1, Wn), d(@n_1, Un), d(bp_1, Vn)} (2:21)
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Combining (2.19), (2.20) and (2.21), we get
max{d(an: un+1)' d(bn' vn+1)' d(cn' Wn+1) } < Hmax{d(an—l» un)v d(bn—la Un)a d(Cn—la Wn)} (222)
Hence from (2.22), we have

max{d(an! un+1)! d(bnr Un+1)r d(cnr Wn+1) } = emax{d(an—la un), d(bn—l, vn), d(cn—l, Wn)}

IN

szax{d(an_z, un—l)a d(bn—Za vn—1)7 d(Cn—Za Wn—l)}

IN

0™max{d(ay, ), d(by, v;), d(cg, wy)}.
Thus
d(an, Uns1) < 0"max{d(ao, uy), d(by, v1), d(co, wy)}
d(bp, Vnyq) < 6"max{d(ao, uy), d(b, V), d(co, w1)}
d(cp, Wnyq) < 0™max{d(ag, uy), d(bg, v1), d(cg, W1)} . (2.23)
On other hand
d(@n 1, Un)=d(S(an, by, cp), S(tn-1, Vn—1, Wn—1))
< Omax{d(an, Up-1), d(by, Vy-1), d(Cp, Wn_1)} (2.24)
and
d(by 41, Vn)=d(S(bn, Cp, @), S(Vy—1, Wn—1, Un_1))
< Omax{d(by,, V,_1), d(cp, Wn_1), d(ay, Up_1)} (2.25)
and
d(Cn+1, Wa)=d(S(cp, @n, bp), S(Wn—1, Un_1,Vn—1))

< Omax{ d(cn, Wn—1), d(@n, Up_1), d(by, Vp—1)} (2.26)

Combining (2.24), (2.25) and (2.26), we get

IN

max{d (a1, Un), d(byy1, V), d(Cri1, Wy) 3 Omax{d(ay, Up_1), d(by, Vp_1), d(cp, wy_1)} . (2.27)

Hence from (2.27), we have

IN

max{d (a1, Un), d(byy1, V), d(Cpi1, Wy) 3 Omax {d(a,, Un_1), d(bp, Vp_1), d(cy, Wn_1)}

IN

ezmax{d(an—lr un—Z)a d(b‘n—la vn—Z): d(cn—b Wn—Z)}

IN

enmax{d(ala uO)s d(bla 170), d(C17 WO)}
Thus

d(ans1, up) < 6"max{d(ay, o), d(by, vp), d(cy, wo)}
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d(bpy1, V) < 60"max{d(ay, ug), d(by, vp), d(cy, wo)}
d(cpe1, W) < 0™max{d(a,, uy), d(by, vg), d(cy, wy)}. (2.28)
Moreover,
d(an, un)=d(S(an-1, bn-1, cn-1), S(Un-1, V-1, Wn_1))

< Omax{d(a,_1, Up—_1), d(bp_1, Vn_1), d(Cp_1, Wnp_1)} (2.29)
and
d(by, vn)=d(S(by-1, Cn-1, an-1); S(Vn—1, Wn_1, Un-1))

< Omax{d(by_1, Vn-1), d(Cp—1, Wp-1), d(@n_1, Un_1)} (2.30)
and
d(cn, wn)=d(S(Cp-1, an-1, bp-1), SWn_1, Un—1, Vn_1))

< Gmax{ d(Cn—la Wn—l)r d(an—la un—l)a d(bn—lv vn—l)} (231)

Combining (2.29), (2.30) and (2.31), we get
max{d(an: Uy), d(by, vy), d(cp, wy) } < Omax{d(a,_1, Up—1), d(by_1, Vp_1), d(Cp_q1, Wy_1)} .(2.32)
Hence from (2.32), we have

max{d(an: un)r d(bnr vn)' d(cp, wy) }

IA

Omax{d(an_1, Un—1), d(bp_1, Vn_1), d(Cp_1, Wn_1)}

IN

ezmax{d(an—b un—Z)a d(bn—Za Vn—z), d(cn—2> Wn—Z)}

IN

0™ max{d(ay, Ug), d(by, vy), d(cy, Wy)}-
Thus
d(an, uy) < 6™ max{d(ay, uo), d(by, Vo), d(co, Wo)}
d(bn, v,) < 6™"max{d(ao, uo), d(by, Vo), d(co, Wo)}
d(cy, wy) < 6™max{d(ay, ug), d(by, vy), d(cg, wy)}- (2.33)
For each n, m € N, n<m. Then from (2.23), (2.28), (2.31), (2.32) and (2.33)
d(an, um)+ d(bn, vm)+ d(cn, W)
< (d(an, unr1)+ d(bn, Var1)+ d(Cn, Wat1))
+(d(an+1, n+1)+ d(bur1, Var1)+ d(Casi, War1))
R VU + (d(am-1, U m-1)+ d(bm-1, V m-1)+ d(C m-1, Wm-1))
+(d(am-1, um)+ d(bm-1, Vin)+ d(Cm-1, Wim))

<3O+ 0"+ +6™") max {d(ay, u), d(by, V1), d(cy, W)}
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43 (O O +6™1) max {d(aq, U), d(by, Vo), d(co, W)}
<3 = max{d(ag. uy), d(by, vy). d(co. W)}
+3 % max {d(a,, uy), d(by, vy), d(cg, Wwy)}—= 0 as n— oo. (2.34)

and
d(am,un)+ d(bm, Vi) + d(Cm, Wn)
< (d(am, Um-1) + d(bm, Vin-1) + d(cm, Wm-1))
+( d(am—l, um-l) + d(bm—l, Vm—l) + d(cm—l, Wm—l))

+ (d(an+1, Un+1) + d(ba+1, Var1) + d(Cat1, Wnr1))
+ (d(anH, lln) + d(bn+1, Vn) + d(Cn+l, Wn))
<3O+ 0"+ +6™1) max{d(ay, uy), d(by, vg), d(cy, wo)
+3 (O™ M +6™1) max {d(ay, o), d(b, Vo), d(co, Wo)}-

<3 2 max{d(ay, ). d(by, vo). d(er, wo)}

1
+3 % max{d(a,, uy), d(by, vy), d(cg, Wwg)}—= 0 as n— oo. (2.35)

gno+1
1-6

: . . . ono ono gno+1
That is for n<m. since, for an arbitrary €>0, there exist ng such that Pl + k<¢/3 and Py g ﬁ K <e/3
where n=max{d(a,, u,), d(by, v;), d(cy, wy)}, &= max{d(a,, uy), d(b;, vy), d(c;, wy)} and
k= max{d(ay, ug), d(by, vy), d(cy, Wo)} from (2.34) and (2.35), we have d(an, um) + d(bn, V) + d(cn, Wm)<e/3
for each n, m >n,
Then (an, un), (bs, Vo) and (cn, Wn) are Cauchy bisquence in (A, B). Because of completeness of (A, B, d), there
exist a, b, c€ A and u, v,w €B with

lim, =u linb,=v linc,=w

n—-oo n—-oo n—-oo

linmu,=a liny,=b linw,=c (2.36)
n—-oo n—-oo n—-oo

then there exist n; € N with d(an, u) < ¢&/3, d(bs, v) < €/3, d(cn, W) <&/3 and d( a, un) <e/3, d( b, vn) <¢/3,
d( c, wy) <¢/3 for all n>n; and £>0. Since (an, Us), (b, Vn), (cn, Wn), are Cauchy bisequencess.
We get d(an, un) < &/3, d(by, va) < €/3, d(cn, Wn) < €/3.

from (2.4.1) and (B3), we have

d(S(a, b, ¢), u) <d(S(a, b, c,), Un+1) + d(an+1, Un+1) + d(an+1, 1)

< d(s(a: ba C);S(un, Vn, Wn)) + d(anH, U.n+1)+ d(an+l, u)
< Omax {d(a, un), d(b, vn), d(c, Wn)} + d(an+1, Un+1)+ d(an+1, 0)
<Omax{e/3, €/3,€/3} +e/3+¢/3

and

(S(b, ¢, a), v) <d(S( b, c, a), Var1) + d(bas1, Var1) + d(bas1, V)
<d(S(b, c, a),S(Vn, Wn, Un)) + d(bn+1, Var1)+ d(bni1, V)
<Omax {d(b, v,),d(c, Wn), d(a, us)} + d(bu+1, Va+1)+ d(bn+1, V)
<Omax{e/3, €/3,€/3} +e/3+¢€/3

and

(S(c,a,b), w) <d(S(c,a,b), Wns1) + d(cnt1, Wnt1) + d(Cnr1, W)
<d(S(c, a, b),S(Wn, Un, Vo)) + d(cnr1, Wn+1)+ d(Cnr1, W)
< Omax {d(c,wn),d(b,v,), d(a, un)} + d(cn+1, Was1)+ d(Cns1, W)
<Ommx{e/3, €/3, €/3} +¢/3+ ¢€/3.

Therefore,
max{d(S(a, b, c),u), (S(b,c,a),v), (S(c,a,b),w) } < Omax{e/3,¢/3,¢/3} + /3 + €/3
<f¢/3 +¢€/3+¢€/3 <eg

For each n eN and 6<1. Then d(S(a, b, ¢), u)=0, (S(b,c,a),v) = 0 (S(c,a,b),w) = 0. Hence S(a, b, ¢) = u.
S(b,c,a) = vand S(c, a, b)=w .

Similarly, we can show S(u, v, w)=a, S(v, w, u)=b, S(w, u, v)=c.
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On the other hand, from (2.36)
da w=d(1 e, L )=1 i (an 1)=0
and
dto,vy=d(1 L, 1L )= 1§ i, )0
and
w01, 1110 )= )0,
So, a=u, b=v, c=w. therefore, (a, b, c)eA3N B3 is a tripled fixed point of S.
Now, to show the uniqueness, we begin by taking another tripled (a”,b",c") eAUB?.
If (a",b",c") €A’ then we get that
d(a",a) = d(S(a",b",c"), S(a, b, ¢))
<fmax{d(a*,a), d(b",b), d(c",c)}
And
d(b*,b) = d(S(b*,c*,a"), S(b, c, a))
<Bmax {d(b",b), d(c",c), d(a",a)}
And  d(c",c)=d(S(c",a",b"), S(c, a, b))
<Omax{d(c",c), d(a*,a), d(b*,b)}
Therefore,
max {d(a*,a), d(b",b), d(c",c) }<Omax {d(c,c), d(a",a), d(b",b)} (2.37)
Since <1, by (2.37) this means that d(a*,a)=0, d(b*,b)=0, d(c",c)=0. So, we obtain that a"=a, b*=b, ¢*=c.
Similarly, if (a",b",c") € B3, we have a™=a, b"=b, c"=c. then (a, b, c) is a unique tripled fixed point of S.
Finally, we show that a=b=c.
d(a, b) = d(S(a, b, ¢),S(b, c, a))
<6max {d(a, b), d(b, ¢), d(c, a)}
Similarly, we prove that d(b, ¢) < 8max {d(a, b), d(b, ¢), d(c, a)}
and d(c, a) < Omax {d(a, b), (b, ¢), d(c, a)}
Therefore,
max{d(a, b), d(b, ¢), d(c, a) <8max {d(a, b), d(b, ¢), d(c, a)}

which gives a=b=c. Hence (a, a, a) is tripled fixed point of S.
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Example 2.5: Let A = {U,(R)/Uy,(R) is upper triangular matrices over R} and

B = {L,(R)/L,(R) is lower triangular matrices over R}.

Define d: AX B [0, ) asd (P, Q) =X, |pi;q;] forall P=(p; D € Um(R)

and Q = (qi i)me € Lh(R). Then obviously, (A, B, d) is a bipolar metric spaces.

Let the covariant maps F: (A3, B%) 3 (A, B) be defined as F (P, Q, R) = (%j+ qTij + %”)
mxm

®=(py)_ ., Q=(ai)_  R= () )€ A*UB?

mxm mxm’

Consider,

d(F(P, Q,R), F(U, V, W) )= d((%’ +50+ r_”)mxm ’ (u_] +5l W_ij)mxm)

4 3 8 4 3
_ Dij , ij, Tijy  Wij  Vij, Wij
=2l S S

1 1 1
<320 [pipw 5 e laivi[ 5 200 [ripwif
< ~Zmax{d(P, U), d(Q, V), d(R, W)}.

Clearly S satisfies all the conditions of Theorem 2.4 and(Oy,xm> Omxm» Omxm) 18 the tripled fixed point.

Conclusion:
In the present research, we have introduced the definition of tripled fixed point and presented unique

tripled fixed point results on various contractive conditions defined on bipolar metric spaces. Also
gave suitable examples that supports our main results.
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