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ABSTRACT- This paper is concern with direct thermoelastic problem of semi-infinite rectangular beam
in which we need to determine the temperature distribution and thermal stresses with the help of integral
transform technique. The results are obtained in term of Bessel’s function in the form of infinite series.
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I. INTRODUCTION

Lu et al. [1] have derived transient analytical solution to heat conduction in composite circular cylinder.
Jadhav et al. [2] have studied inverse thermoelastic problem of a thin finite rectangular plate due to
internal heat source. Khobragade et al. [3] have discussed inverse unsteady-state thermoelastic problem
of a thin rectangular plate. Hiranwar et al. [4] have investigated thermal deflection of a thick clamped
rectangular plate. Kidawa-Kukla [5] has studied temperature distribution in a rectangular plate heated
by a moving heat source. Lamba et al. [6] have discussed thermoelastic problem of a thin rectangular
plate due to partially distributed heat supply. Marchi and Fasulo [7] have studied heat conduction in
sector of hollow cylinder with radiation.

Manca et al. [11] have discussed quasi-static three dimensional temperature distribution induced by a
moving circular Gaussian heat source in a finite depth solid. Roy et al. [12] have discussed transient
thermoelastic problem of an infinite rectangular slab. Bagade et al. [13] have derived thermal stresses of
a semi infinite rectangular beam. Solanke et al. [14] have discussed quasi-static transient stresses in a
Neumann’s thin rectangular plate with internal moving heat source and Durge et al.[15] have studied
quasi-static thermal stresses in thin rectangular plate with internal moving line heat source. Chapke et
al. [16] have discussed thermal stresses of a solid cylinder with internal heat source. Thakare et al. [18]
have derived thermal stresses of a thin rectangular plate with internal moving heat source.

In present paper, authors have considered thermoelastic problem with first, second and third kind
boundary conditions on a semi-infinite rectangular beam occupying the region

D:—a<x<a,0<y<b,0<z<00}. The solution of the problem is obtained by using finite

Marchi-Fasulo transform and Fourier cosine transform techniques. The results are obtained in terms of
Bessel’s function in the form of infinite series.

2. STATEMENT OF THE PROBLEM
Consider semi-infinite rectangular beam occupying the region

D:—a<x<a,-b<y<b,0<z <o} The beam is subjected to the motion of moving point heat

source at the point (0,)’,z") which move its place along X,),Z axes with constant velocity vector

V= Vli +V, ] + V3k where V|,V,,V; are component of velocity vector alongX,),Z axes

respectively. The temperature distribution of the rectangular beam is given by
2 2 2

0 T+8 T+8 T+g(x,y,z,t)_ 1 0T

oyt ez’ k a ot

@.1)

where Kk is the thermal conductivity and & is thermal diffusivity of the material of the plate.

Consider an instantaneous moving point heat source at point (O,y',Z') and releasing its heat

spontaneously at time £ ". Such volumetric moving heat source in rectangular coordinates is given by
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g(x,y,2,1) = o6 (x)6(y = y)6(z = z")o(t 1)
Hence equation (2.1) becomes

o*T 0T o°T 1 1 oT
T - oty L 800()5(y= V)o(z—2o(t - f)_—E 22)

where y' =V,l and z'= V3t ,
With initial condition
T'(x,y,z,0)=T, 2.3)

And the boundary conditions are given by

[T(x v+ 6T(xai = t)] = Gy(y.z.0) 24)
[T(x y,2,0) +ky aT(xay’Z t)} =Gy(,2.f) 2.5)
[7(x.y.2.0)],. =0 (2.6)
[7(x,y.2.0)],, =0 2.7)
{GT (x,,z, t)}

=0 2.8)

2=0

{6T(x Vs 2, t)} 0

= (2.9)

.\“

o =i
v T

. Figure 1: Geometry of the problem
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Introduce a thermal stress function } related to component of stress in the rectangular coordinates
system as [5] is

X=Xt Xp (2.10)

where Y . is the complementary solution and y , is particular solution

X. and ¥, are governed by equations:

az o* &
and
o ot &
(6)6_2-’_?4_52_2 Zp:—aEr. (212)
where ['=T7 — To , T, o 18 initial temperature. The stress functions are given by
O’y %y
Oy = L, - (2.13)
6y 82
o’y x
o, =L (2.14)
" Lax2 oz*
2 2
o =82, 9% 2.15)
o’ oyl

Ando,=0,0,=0at y=>b.

Equations (2.1) to (2.15) constitute the mathematical formulation of the problem under consideration.

3. SOLUTION OF THE PROBLEM
Applying finite Marchi-Fasulo transform, finite Fourier sine transform and Fourier cosine transform, we
get

=

dT P
7+05P r =Y 3.1)
2. 2

2 2 2 M7

Where P = /11 + 4, +b—2

Pla)= B\~ . '
‘P:o{%q - 1562 )Gz +gk0 P,(O)sm(mgyjcos(,unz')§(t—t')}

Solving above equation and using initial condition we get

=* 2 =*
_ Tt ap’t
T =g " To+[wer ar 5
Taking inverse Fourier cosine transform, finite Fourier sine and Marchi-Fasulo transform, we get
t
P X —-a pzt =* 2
T= ( ) ( ) COS nZ)Xe TO +JAlP€ap Tdf (3 3)
br :
0

And
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o0 =%* ?
2 P(x) . (mn —op’t| 2
I,m,n,=1 0
where
Pl(x) = Q Cos (ymx) —W Sin (,umx)
in which

O = iy, (ky +kp) cos (1, h)

W =2 cos (uph) + (ky —ky) iy, sin (e, h)
h

T = [ P20y dx = 02 + w2|+ sin (22”—'"}’) o> - w?]
Zh m

The eigen values 4 5 are the positive roots of the characteristic equation
[k,a cos(ah) +sin(ah)] [cos( ah) + k,asin( ah)]
=[k,acos( ah)—sin( ah)][cos( ah) — k,asin( ah)]

4. DETERMINATION OF STRESS FUNCTION
The suitable form of ¥ - satisfying (2.11) is given by

0 HpX THyX

Ko = Z y2 ce ¢ +cye @ sin(,unz)

I,m,n=1

HaX “HaX
+y2 cze ¢ +cyue cos(,unz) @)

The suitable form of ,, satisfying (2.12) is given by

2 [°¢]
)(p=[ 20k’ J Z P;(X)sin(m;rchos( HyZ)

ﬂ‘a2+b2i A

l,m,n,=1

ap’t

—k t
xe_ To +ITeapzrd7 “2)
0

Substituting equation (4.1) and (4.2) in equation (2.10), one obtains
= S HaX “HX

X = Z y2 ce ¢ +tcye ¢ sin(lunz)-Fy2 C3eT+C4e a cos(,unz)

I,m,n=1

2 o0
Hu)j > D (M2 o

2 2
z\a® + b Lomom=1
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t
e o [werar

4.3)

Using equation (4.3) in equations (2.13) to (2.15), we get
HaX
sin(u,z) +| cze @

—Hp X
+cue “

—HuX

0 HpX
Oxx = Z (2/1;%/2){[016 ¢ toe @

B 2aEa’ i 7zm2+b,u,f B (x)
ia2+b2i o\ b T A

't ?0 +I‘Peap dr

}os(ﬂnz)

sin( m[jzy j cos(,z)

e

4.4

0 /,[2y2 HpX “HpX HyX THxX
_ nr
Oy = Z 2 ,uny ced +ce SlIl(,un )+ cie ¢ +cue ¢ cos(,unz)
I,m,n=1

2aEa’b | B"(x)— uy v P(x) [ j
+ cos(,2)
(ﬂiaz +b? J{Z;l[ A b
—opt| = ( ap’t
Xe To+ |We P dr
J 4.5)
0
_2 00 2 2 HyX “HpX HnX E
O =" Z (,UZZ;; +2J ae ¢ +6e ¢ SiI(lUnZ)'i‘ Ge ¢ T4 ¢ COS(‘U”Z)
I,m,n=1

2aEa’ [P (x) mm’B(x) | 1 [Mj
+(m] l’n%‘fl( ~ ; 7 sin , cos(4,z)

2

t
—%
t| — 2
To +jTeap dr
0

X
e (4.6)
Using O,, = 0, o,,= 0, at y=>b and equation (4.4) and (4.5) we get
aEa’ mP,'(x)
C " —Lt=
b (2bia 24 b2 iJ Z = Lo
5
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O
xe cot(u,z)| To +I‘Pe“p dr

4.7)
? 2bia +bzi,mn 2 A
[ﬂn w t} .t i
xe ¢ cot(u,2)| To +J.‘Peap ‘dr 5)
And C,=C, =0 49)

5. SPECIAL CASE AND NUMERICAL RESULTS

2 2
Set Gy(y,z,t) = x? (x + a)2 y(y - b)zze_z (Toe_t ), G, (y,z,t)= (x - a)2 xzy(y - b)zze_z (Toe_’ ) (5.1)
6. NUMERICAL RESULTS, DISCUSSION AND REMARKS

To interpret the numerical computations, we consider material properties of Aluminum metal, which can be
commonly used in both, wrought and cast forms. The low density of aluminum results in its extensive use in the
aerospace industry, and in other transportation fields. Its resistance to corrosion leads to its use in food and
chemical handling (cookware, pressure vessels, etc.) and to architectural uses.

Modulus of Elasticity, E (dynes/cm?) 6.9 x 10"
Thermal expansion coefficient, a,(cm/cm-"C) 25.5x 106
Thermal diffusivity, x (cm?/sec) 0.86
Thermal conductivity, 4 (cal-cm/°C/sec/ ¢cm?) 0.48
Length of the plate, a (m) 2
Breadth of the plate, b (m) 2
Height of the plate, h(m) 100

Table 1: Material properties and parameters used in this study.

6. CONCLUSION

In this paper, the temperature distribution and thermal stresses of semi-infinite rectangular beam have
been derived by using the finite Marchi-Fasulo transform and Fourier cosine transform and Fourier sine
transform techniques. The results are obtained in terms of Bessel’s function in the form of infinite series.
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Graph 1: Temperature distribution versus x
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Graph 2: Stress function oxx versus x
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Graph 3: Stress function Gyy versus x
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Graph 4: Stress function Gz, versus x

8

Volume IX, Issue 11, FEBRUARY/2019 Page No: 803



