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ABSTRACT- In this paper thermoelastic solution of a thin rectangular plate subjected to the activity of a
moving heat source is presented. Here the temperature distribution and thermal stresses with the help of
integral transform technique have been derived. The results are obtained in term of Bessel’s function in
the form of infinite series.
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I. INTRODUCTION

Araya et al. [1] have derived analytical solution for a transient three dimensional temperature
distribution due to a moving laser beam. Cheng et al. [2] have studied an analytical model for the
temperature field in the laser forming of a sheet metal. Manca et al. [3] have discussed Quasi static
three dimensional temperature distribution induced by a moving circular Gaussian heat source in a finite
depth solid. Hiranwar et al. [4] have investigated thermal deflection of a thick clamped rectangular
plate. Kidawa-Kukla [5] has studied temperature distribution in a rectangular plate heated by a moving
heat source. Chapke et al. [6] have discussed thermal stresses of a circular plate with internal heat
source. Marchi and Fasulo [7] have studied heat conduction in sector of hollow cylinder with radiation.

Beck et al. [11] have discussed verification solution for partially heating of rectangular solid. Roy
et al. [12] have discussed transient thermoelastic problem of an infinite rectangular slab. Bagade et al.
[13] have derived thermal stresses of a semi infinite rectangular beam. Solanke et al. [ 14] have discussed
quasi-static transient stresses in a Neumann’s thin rectangular plate with internal moving heat source and
Durge et al.[15] have studied quasi-static thermal stresses in thin rectangular plate with internal moving
line heat source. Sutar et al. [16] have discussed inverse thermoelastic problem of heat conduction with
internal heat generation for the rectangular plate. Kidawa-Kukla[18] has studied temperature
distribution in a circular plate heated by a moving heat source.

In present paper, authors have considered thermoelastic problem with first, second and third kind
boundary condition on a rectangular plate occupying the region D:—a<x<a,0<y<h,0<z < h}.

The solution of the problem is obtained by using finite Marchi-Fasulo transform and Fourier cosine
transform techniques. The results are obtained in terms of Bessel’s function in the form of infinite series.

2. STATEMENT OF THE PROBLEM

Consider semi-infinite rectangular beam occupying the region D:—a<x<a, 0<y<b,0<z<h}. The
beam is subjected to the motion of moving point heat source at the point (0,)’,z") which move its place
along X, y,z axes with constant velocity vector v = vi+v,j+ vk where v,v,,v; are component

of velocity vector along X, J, Z axes respectively. The temperature distribution of the rectangular beam
is given by

2 2 2
0 T+8 T+8 T+g(x,y,z,t)=l8_T

ot oyt ozl k a ot .1

where K is the thermal conductivity and ¢ is thermal diffusivity of the material of the plate.

Consider an instantaneous moving point heat source at point (0,)',z") and releasing its heat

spontaneously at time ". Such volumetric moving heat source in rectangular coordinates is given by

g(x,y,2,0) = gy6(x)6(y - yN6(z - 26t - 1')
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Hence equation (2.1) becomes
T o°T T 1
ax2 + 8y2

where y' =Vv,¢ and z'= Wit

with initial condition
T(x,y,z,0)=0

And the boundary conditions are given by

T(x, y,2,0)+k M} -0
N ox —a
T(x,y,z,t)+k, —aT(x,y,z,t)} =0
L ox x=—a
a_T} ~0
L ay y=0
L,
L ay y=b

[T(x,y,z,t)]FO = fl(x>yat)

[T(x’yazat)]z:h = fZ(xayat)

+ +—200(x)0(y—yNo(z—2No({t —t)=——
PRl (0)6(y=y)d(z-2)o(t~1) .
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(2.2)

(2.3)

24

2.5)

(2.6)

2.7)

(2.8)

2.9)

Introduce a thermal stress function } related to component of stress in the rectangular coordinates

system as [5] is

X=Xt X,

where . is the complementary solution and } , is particular solution.

X and ¥, are governed by equations:

> oY
(8x_2+3y2j %o =0

and
2 2 \?
[;C—er%j X, =—QET.

where [' =T — To , T, o 18 initial temperature.

The stress functions are given by

2
P
oy
62;(
O-yy = axZ
2
o, =— ox
Y Ox0Oy

And o, =0,0,=0a y=>b.
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Equations (2.1) to (2.15) constitute the mathematical formulation of the problem under consideration.

Figure 1: Geometry of the problem

3. SOLUTION OF THE PROBLEM

Applying finite Marchi-Fasulo transform, finite Fourier sine transform and finite Fourier cosine
transform, we get
=3k

dT =%
74‘ OCPZT =¥ 3.1
2 2 2. 2
2 2 NI m-
Where P = ﬁ“l + hz + b2

_ o] 22 p(0)sin "= | cos| M2 st — ¢
‘I’—o{k PZ(O)sm( ; jcos( p j&(t t)}

Solving above equation and using initial condition we get

=% _ 2
T =e w

% t
! To+ I‘Peapzfdr (32)
0

Taking inverse Fourier cosine transform, finite Fourier sine and Marchi-Fasulo transform, we get

s} t
_ 4 B(x) . ATz mny —ap’t ap’c
T_(E] Z P sm( P ]co{ 5 X -([‘Pe dr (3.3)

Im,n,=1

And

0 t
(4 B(x) . (nrz mny —api apt
F_(E) Z P s1 P )co{ 5 X E[‘Pe dr (3.4)

I,mn=1

where

Pl(x) = Q Cos (lumx) —W Sin (/umx)

in which
O =y, (kq +ky) cos (1)
W =2 cos (uph) + (ky —ky) iy, sin ()
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A2 = jhp,z(x) dx = h [Q2+ W2]+ Sin %[QZ—WZ]

The eigen values £ are the positive roots of the characteristic equation
[k,a cos(ah) + sin(ah)] [cos( ah) + k,asin( ah)]
=[k,acos( ah)—sin(ah)][cos( ah) — k,asin( ah)]

4. DETERMINATION OF STRESS FUNCTION
Let the suitable form of ¥ . satisfying (2.11) is given by

0 nmx —nnx
2 T . niz
Xe = Z yolce ¢ tcye ¢ |sin 7

l,m,n=1

nmx —nnx
2 4 a nz
+y7lcze @ +cye cos( Y @1

Let the suitable form of ¥, satisfying (2.12) is given by

4qEa’b S P(x) . (nﬁzj (mﬂy)
= sin cos
o [hia2+b2ﬂ 2 A h b

I,m,n,=1

t
_ 2 .
Xe “p ! J \I’eapzrd‘[ (42)

0
Substituting equation (4.1) and (4.2) in (2.10), one obtains

0 nmx —nmx
_ 2 poa a |sin| M=
X = y Cle + Cze Sin T

l,m,n=1

nmx —nnx
— nmz
+yzce”+cea cos| ——
3 4 h

N 4aEa b i P,(x)sin(nﬂzjcos(mﬂyj
n(a? +5?) A h b

I,m,n,=1

—-a pzt

t
Xe J.lpeapzrd‘[ (4.3)
0

Using (4.3) in (2.13), (2.14), (2.15) we get
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© nmx —nax L2 —nax niz
Oy = Z {2[c1e 4 +che ¢ }in(%j +2 cze 1 +cue @ cos(Tj

2 2 ® 2
B 40¢Eza 7r2 Z m*~ P (x) gin| 77 ) cos| M
hb\a® + b A h b

I,m,n,=1

t
2
—apt 2
Xe J‘LPeap TdT
0

(4.4)
_ 72'2 - 2 2 % —I:;DC . nmz
O = Z n“y“lce * +cye sin e
a I,m,n=1
2.2 o nﬂx] (”ﬂzj
+n "y lcze ¢ +cue ¢ |cCOS T
4aEa’b o PU(x) . [mzzj [mﬂyj
+ sin cos| ——
[hia2+b2 i] ,Ezl A h b
_apzl‘ t.\P aPZTd
X e T
€ J (4.5)
0
-27r < e == (nm
Oy = Z ny|ce ¢ —cye ¢ |sin| —
a I,m,n=1 h
nux —nnx 1z
- n
+ny|cze ¢ —cyue ¢ cos( j
4raEa’ ] - mP'(x) . (mﬂyj : (nﬂzj
+ Z sin sin| —
( 2 2j
(ha +b L1 A b h
2 ! 2
—apt ap’t
X Ye™ “dr
€ .[ +6)
0

Using 0,, =0,0,, =0, at y=> and equation (4.5) and (4.6) we get
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%w%%5 :

- 2aEa4 - P "(X)J e J. apzz'
C = | 2L | x| F——— || | Y™ "dr
! ﬂ%”ﬁ+#i#§i)( n’ 4 0 7
(@’ =)
[ -2aEd’ - (B «| € W7 g7
G, = 2 2 2 z( 1) 2 A
zbhla® +0%)), &, n ! 0
(4.8)
And C;=C, =0 (4.9)

5. SPECIAL CASE AND NUMERICAL RESULTS

2 2.2 2 2 2.2 2 b
Set fi(x,y,8)= (x—a) (x+a) y (y—b) e, fHr(xp,t)= (x—a) (x+a) y (y—b) et (5.1
6. NUMERICAL RESULTS, DISCUSSION AND REMARKS

To interpret the numerical computations, we consider material properties of Aluminum metal, which can be
commonly used in both, wrought and cast forms. The low density of aluminum results in its extensive use in the
aerospace industry, and in other transportation fields. Its resistance to corrosion leads to its use in food and
chemical handling (cookware, pressure vessels, etc.) and to architectural uses.

Modulus of Elasticity, E (dynes/cm?) 6.9 x 10"
Thermal expansion coefficient, a,(cm/cm-"C) 25.5x 106
Thermal diffusivity, x (cm?/sec) 0.86
Thermal conductivity, A (cal-cm/°C/sec/ cm?) 0.48
Length of the plate, ¢ (m) 2
Width of the plate, b (m) 2
Height of the plate, h(m) 0.1

Table 1: Material properties and parameters used in this study.

7. CONCLUSION
In this paper, the temperature distribution and thermal stresses of semi-infinite rectangular beam have

been derived by using the finite Marchi-Fasulo transform and Fourier cosine transform with moving heat
point source. The results are obtained in terms of Bessel’s function in the form of infinite series.
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Graph 1 : Temperature distribution T versus x
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Graph 2 : Stress function oxx versus x
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Graph 3 : Stress function oyy versus x
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