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Abstract: In this paper the terms the terms; Archimedean I'-semigroup and strongly
Archimedean T'-semigroup are introduced. It is proved that if S is a duo I'-semigroup, then the
conditions (1) S is strongly Archimedean, (2) S is Archimedean, (3) S has no proper completely prime
I'-ideals and (4) S has no proper prime TI'-ideals; are equivalent. In an archimedian duo I'-semigroup
S, if S is a union of finite number of principal I'-ideals or S contains a maximal I'-ideal which is
finitely generated, then it is proved that every proper I'-ideal is principal and S is a union of at most

two principal I'-ideals.
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PRELIMINARIES
DEFINITION 21 : Let S and I be any two non-empty sets. Then S is said to be a
I'-semigroup if there exist a mapping from SxI' xS to S which maps

(@, y, b) —>a y b satisfying the condition : (a@h)fc = att(bficy for all a, b, ¢ € S and
a, ferl.

NOTE 2.2 : Let S be a I-semigroup. If A and B are two subsets of S, we shall denote the set
{ayp:a€ A,b€Band y€T } by AI'B.

DEFINITION 23 : A nonempty subset A of a TI-semigroup S is said to be a left

T-ideal of Sif s € S,ae€ A, €I implies saae A .

NOTE 2.4 : A nonempty subset A of a I'-semigroup S is a left I'- ideal of S iff STACA.
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DEFINITION 25 : A nonempty subset A of a TI-semigroup S is said to be a right

I-ideal of Sif s € S,a € A, €I implies aas € A .

NOTE 2.6 : A nonempty subset A of a I'-semigroup S is a right I'- ideal of S iff ATSCA.

DEFINITION 2.7 : A nonempty subset A of a I'-semigroup S is said to be a two sided I'- ideal or simply a I'- ideal of S if
SES,a€A, acel implysaa € A, aas € A.

NOTE 2.8 : A nonempty subset A of a I'-semigroup S is a two sided I'-ideal iff it is both a left I'-ideal and a right I'- ideal
of S.

THEOREM 29 : The nonempty intersection of any two (left or right) TI-ideals of a
I'-semigroup S is a (left or right) I'-ideal of S.

THEOREM  2.10 : The nonempty intersection of any family of (left or right)
I'-ideals of a I'-semigroup S is a (left or right) I'-ideal of S.

THEOREM 2.11 : The wunion of any two (left or right) [I-ideals of a TI-semigroup S is a
(left or right) I'-ideal of S.

THEOREM 212 : The union of any family of (left or right) TI-ideals of a
I'-semigroup S is a(left or right) I'-ideal of S.

DEFINITION 2.13 : A I'- semigroup S is said to be a left duo I'- semigroup provided every left I'- ideal of S is a two
sided I'- ideal of S.

DEFINITION 2.14 : A T'- semigroup S is said to be a right duo I'- semigroup provided every right I'- ideal of S is a two
sided I'- ideal of S.

DEFINITION 2.15 : A T'- semigroup S is said to be a duo I'- semigroup provided it is both a left duo I'- Semigroup and a

right duo I'- semigroup.

THEOREM 216 : A TI- semigroup S is a duo TI- semigroup if and only if
xTS' =S'Tx for allx€ S .

THEOREM 2.17 : Let A be a I'-ideal in a duo I'-semigroup S and a, b € S. Then aI'b € A if and only if <a>T <b >
CA.

COROLLARY 2.18 : Let A be a I'-ideal in a duo I'-semigroup S. Then for any natural number n, (a I')"'a € A

implies (<a>T)"" <a>CcA.
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DEFINITION 2.19 : A T'-ideal A of a I'-semigroup S is said to be a maximal T-ideal provided A is a proper I'-ideal of S
and A is not properly contained in any proper
I'-ideal of S.

DEFINITION 220 : A TI- ideal P of a TI-semigroup S is said to be a completely prime
I'- ideal provided x, y €S andxI'y € P implies either x € P ory € P.

DEFINITION 2.21 : A T-ideal P of a I'-semigroup S is said to be a prime I'- ideal provided A, B are two I'-ideals of S
and AI'B € P = either A € P or BC P.

COROLLARY 222 : A I'- ideal P of a TI-semigroup S is a prime TI- ideal iff
a, b € S such that alrs'tp c P, then either a € P or b € P.

THEOREM 2.23 : Let S be a duo I'-semigroup. A I'-ideal P of S is prime I'-ideal if and only if P is a completely

prime I'-ideal.

DEFINITION 2.24 : If A is a TI-ideal of a I-semigroup S, then the intersection of all prime
I-ideals of S containing A is called prime T-radical or simply T-radical of A and it is denoted by VA or rad A.

DEFINITION 2.25 : If A is a I'-ideal of a I'-semigroup S, then the intersection of all completely prime I'-ideals of S

containing A is called complete prime I'-radical or simply complete I'-radical of A and it is denoted by c. rad A.
NOTE 2.26 : If A is a I'-ideal of a I"-semigroup S then rad A = A and c.rad A = A,.
THEOREM 2.27 : If A is a I'-ideal of a duo I'-semigroup S, then rad A = c.rad A.

NOTATION 2.28 : If A is a ['-ideal of a I'-semigroup S, then we associate the following four types of sets.
A = The intersection of all completely prime I'-ideals of S containing A.
Ay = {x €S : (xI")"'x € A for some natural number 7 }
Aj; = The intersection of all prime ideals of S containing A.
Ay={x€S:(<x>T)""<x>cC A for some natural number n }
COROLLARY 229 : If A is a TI-ideal in a duo T-semigroup S and x, y € S, then
xI'y € A implies xI'sI'y €A4.

THEOREM  2.30 : If A is a TI-ideal in a duo TI'-semigroup S,  then
Aa) = { x € § : xTa € A } and A(a) = { x € § : ax € A } are T-ideals of S for all
a€s.
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THEOREM 231 : Let A be a TI-ideal in a duo T-semigroup S and a, b € S. Then
albe€ Aifandonly if<a>T <bh>C A.

THEOREM 2.32 : Let A be a I'-ideal in a duo I'-semigroup S.

Then a,Ia,l.....a,Ta, € Aifand only if<a;>T'<a,>....T <a,>C A.

COROLLARY 2.33 : Let A be a I'-ideal in a duo I'-semigroup S. Then for any natural number n, (a [’ Yla € A if

and only if (<a>T )" <a>CcA.

THEOREM 2.34 : Let S be a duo I'-semigroup. A I'-ideal P of S is prime I'-ideal if and only if P is a completely

prime I-ideal.

COROLLARY 2.35 : If H is the collection of all I'-ideals in a I'-closed duo I'-semigroup S, which are not finitely

generated and H#Q, then there exists a prime I'-ideal which is not finitely generated.

3. ARCHIMEDIAN I'-SEMIGROUPS

DEFINITION 3.1 : A T'- semigroup S is said to be an archimedian I'- semigroup provided for any a,b € S, there exists a

natural number n such that (aI)™'a € < b >.

DEFINITION 3.2 : A I'-semigroup S is said to be a strongly archimedean
I'-semigroup  provided for any a« b € S, there 1is a natural number #n such that

(<a>T)"'<a>c <b>.

THEOREM 3.3 : If S is a duo I'-semigroup, then S is strongly archimedean if and only if archimedean.

Proof : Suppose that S is strongly Archimedean.

Then for any a,b € S, there is a natural number 7 such that (< a >T)"'<a>< <b>.

Therefore (@'a € (< a >I' < a > € < b > and hence S is Archimedean.

Conversely suppose that S is archemedian. Let a,b € S. Since S is archemedian, there exists a natural number » such that
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(<a>I)""'<a>< <b>< STHTS. Since STHTS is a I-ideal of a duo I'-semigroup S, by corollary 3.2.5, (@)y"'acs
I'bTS

= (<a>T)"'<a>c SThTS. Therefore S is a strongly Archimedean duo I'-semigroup.

THEOREM 3.4 : If S is a duo I'-semigroup, then S is archimedean if and only if S has no proper prime TI-ideals.

Proof : Suppose that S is archimedean I'-semigroup. Let P be prime TI-ideal of S.
Letab € S. Since P is I-ideal, STal'S = P. Since S is archemedian, (b1} * € STal'S for some natural number .
Thus (BI)" 1 € STal'S§ € P. Since S is a duo [-semigroup, by theorem 3.2.10, P is completely prime. Thus
(bI)" b € P = b € P. Hence S =P. Therefore S has no proper prime I'-ideals.

Conversely suppose that S has no proper prime I'-ideals. Then for any b € S, the intersection of all prime I'-ideals of S
containing B = < b > is S itself. Therefore E,=5. We have

B,={xesS: (<x=IN"1<x>C<b=>
forsomen € N}

=S.

Therefore for any a € S, (< a >T)

n-1

< a> C < b > for some natural number 7.
So(<a>T)"'<a>c SIBI'S. Thus S is strongly archimedian.

Hence by theorem 3.3, S is archimedian.

COROLLARY 3.5 : If S is a duo I'-semigroup, then the conditions (1) S is strongly Archimedean, (2) S is

Archimedean, (3) S has no proper completely prime TI'-ideals and (4) S has no proper prime TI-ideals are equivalent.

THEOREM 3.6 : Let S be a duo archemedian I'-semigroup. If S is a union of finite number of principal T-ideals,

then every proper I'-ideal is principal and S is a union of at most two principal I'-ideals.

Proof : Suppose that S :U< X; >. Let H be the collection of all proper I'-ideals which are not principal. If H
i=1

7 @ then clearly H is a partially ordered set under set inclusion. Let {ﬁlﬂ:} be a chain of T-ideals in H. If S = |J A_then

xX; € A, for some natural number i

If we take j = max {1, 2,3, ..., n}then x; € Ajfori=1,2,3,...,n SoS= U< x; > S A; &5 and hence A= S.
i=1

It is a contradiction. Hence S # U A, . 1f U A, =<a>forsomea € 5§, thena € A, for some i and hence 4,=<a>,

which is not true. Thus U A, € H. Therefore H satisfies the hypothesis of Zorn's lemma. By Zorn's lemma, there exists

a maximal element P in H. By corollary 3.8, P is a prime I'-ideal of S. Since S is a duo archemedian I'-semigroup, by

theorem 3.4, S has no proper prime I'-ideals. It is a contradiction. Hence H = @. Therefore every proper I-ideal of S is a

Volume 7, Issue 12, 2017 29 http://ijamtes.org/



International Journal of Advanced in Management, Technology and Engineering Sciences  ISSN NO : 2249-7455

principal I'-ideal. Let S = UTo, < x; = with x; €< x; = for £ # j. If n > 2, then § #<I x; >U< x, > Since
S L L - ;is a proper I'-ideal,
< x4y =W x; = is a principal T-ideal. Thus either <= x5 =5<I x; = or = x; =5< x; = This contradicts the

choice of x; 5. Thus 11 =< 2,

THEOREM 3.7 : Let S be an archemedian duo I'-semigroup. If S contains a maximal
I'-ideal which is finitely generated, then every proper I'-ideal is principal and S is a union of at most two principal I'-
ideals.

Proof : Suppose that S contains a maximal T-ideal M which is finitely generated. Let

a€S/M. Since M is maximal, §= MU< a>  So S is a union of finite number of principal

I'-ideals. Therefore by theorem 3.6, every I'-ideal is principal and S is a union of at most two principal I'-ideals.

DEFINITION 3.7 : A I'-semigroup S is said to be a noetherian I'-semigroup if ascending chain of I'-ideals becomes
stationary. i.e., if 4y = A; & Ay = ---is an ascending chain of I'-ideals of S, then there exists a natural number m such

that A, = A, for all natural numbers 1 = M.

NOTE 3.8 : A I'-semigroup S is noetherian if and only if every I'-ideal of S is a union of finite number of principal I'-
ideals of S.

THEOREM 3.9 : If S is a noetherian I'-semigroup containing proper I'-ideals then S has a maximal I'-ideal.

Proof : Let A4 be a proper I'-ideal of S. If A4 is not a maximal I'-ideal of S, then there exists a proper I'-ideal 45 of S
such that A3 © A,;. If A, is not a maximal I-ideal of S, then there exists a proper I'-ideal A5 of S such that
A, © A, © A;. By continuing this process we get an ascending chain of proper I'-ideals of S. Since S is noetherian, the

chain 4; © A, © A,... is stationary. It is a contradiction. Therefore there exists a maximal I'-ideal of S.

THEOREM 3.10 : Let S be a duo noetherian I'-semigroup such that S = U <X, >. Suppose @ €< x;I'a = for all
i=1

a € 5, which is not a product of power of x; 5. Then S is finitely generated. In particular if S is noetherian

strongly I'-cancellative I'-semigroup without identity then S is finitely generated.

Proof : Suppose that there exists an element a such that a is not a product of x;'s. If a = x;a4 s, for ay € T, where

@ # 54 is not a product of power of X; s. Hence 5, = X;0, 5, for &y €T, where 54 is not product of powers of X; 8.

If 5, E <5 > then S5 = Fy0gT for some
v € SY, a;€ T and hence 59 = x;,(sy037) € < x; I'sy> which is not true. Hence
s FC s, = By continuing this process, we get a nonterminating chain of I'-ideals
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=I5y &> C=< 5, = C=I 55 = C -+ Since S is noetherian, it is a contradiction. So S is finitely generated. If S is a
strongly T'-cancellative I'-semigroup and if @& = ﬂﬁl[bﬁg ﬂ] for 181! ﬁg € I, then bﬁ:ﬂ is an identity in S. It is a

contradiction. So @ & =< x; T'a= forall @ € 5. As above, we have S is finitely generated.

THEOREM 311 : Let S be an archemedian duo TI'-semigroup with S =U< X >.
i=1

If @ €< x; Ta>for all @ € &, which is not a product of powers of xi“s, then S is finitely generated.

Proof : Let S be an archemedian duo I'- semigroup with S :U< X; >. By theorem 3.6, S is a union of at most two
i=1

principal I'-ideals. By theorem 3.10, S is finitely generated.
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